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PREFACE. 



Many years ago the editor of this book published 
two large impressions of Play fair's Geometry, with 
some alterations and improvements, which rendere4 
the American edition more convenient to students 
than the English. The work has been long out of 
print, and a republication of it has been often request- 
ed by public and private teachers of geometry. It is 
therefore again presented to the public without an 
adequate compensation for the time and labour be- 
stowed on the preparation of a new and improved 
edition. 

The books of geometry, used in places of education 
in this country, are two large, and otherwise excep- 
tionable. The t)est editions of Eucl id's Elements are 
difficult and repulsive to students. They require some 
alterations to render them fit for the use of youth in 
schools and colleges. False reverence of antiquity, 
and old prejudice, have assigned to Buclid's Geome- 
try a higher rank in mathematical science than its 
intrinsic merit can justly claim. But it is capable of 
alterations and improvements, and may be made a 
good introduction to geometry. 

This book is partly an abridgment of the fifth En- 
glish edition of rlayfair's Geometry. It differs from 
Playfair^s Geometry chiefly in additions, omissions, 
and alterations. 

Many teachers of mathematics in our colleges and 
higher schools have often expressed a wish that a se- 
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iv. PREFACE. 

lection from Euclid's Elements might be published, 
if it could be executed without deviating much from 
the form of the original. To accomplish this desir- 
able object is the main design of the present perform- 
ance. 

Euclid's Geometiy contains parts xi^ich are never 
read, with obscurities and difficulties which discou- 
rage youth, and impede the study of mathematics. 
The prejudices of education and custom have retain- 
ed an old book in schools and colleges, to the ex- 
clusion of modern works of greater merit. We find 
that on the continent of Europe Euclid^s Geometry 
has nearly sunk into oblivion, and modern systems 
now occupy its place. But still, as the ruins of an- 
cient edifices furnish the materials of elegant modem 
structures, so Euclid's treatise of geometry may be so 
modified as to be tonverted into a plain and useful 
book for youth. 

Some definitions, postulates, and axioms, have been 
added by the editor, on the supposition that they might 
be wanted in the course of the work, for the purpo5>e 
of rendering the demonstrations of certain proposi- 
tions shorter or plainer than those of Euclid. Some 
useful propositions, which were not known lb the an- 
cients, have been added to this treatise; and many 
propositions have been omitted, which are either use- 
less, or merely auxiliary to the demonstrations of 
others. Some demonstrations which were long and 
tedious, or difficult to learners, have been rejected, and 
others have been adopted from modern books instead 
of them. But no new demonstrations have been given 
unless they were decidedly preferable to Euclid's. 

The enunciations of many propositions are express- 
ed with more precision and brevity than they are in 
former editions of Euclid's Elements. Repetitions 
and circumlocutions in the demonstrations have been 
generally avoided. 

Numerous articles^ marked Ed., are not found in 
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PREFACE. V. 

Plajrfair's Geometry, and have been taken chiefly from 
other books. They were collected at different times^ 
but the editor does not recollect the names of the 
authors of many of them. In the latter part of the 
volume many references have been designedly omit- 
ted ; for it appeared unless to repeat the references to 
preceding articles, which must have become familiar 
to the reader by their frequent recurrence. But the 
teacher should require his pupils to supply such omis- 
sions when they are reciting a demonstration. 

Toward the ends of the firsts third, and sixth Books 
there is a number of elementary propositioivs, which 
are not necessary in a course of mathematics, and may 
be either read or omitted. They will serve as exer- 
cises for students. 

On revising the printed sheets I have observed 
that some changes might be made with advantage to 
the work. In its present form however I am confi. 
dent that it will be found plainer and more convenient 
to students than any book of geometry which is now 
used in the higher places of education. 

If this attempt to facilitate the study of geometry 
be favourably received by the public, it wiH be follow^ 
ed by another work, whfch is partly executed, and 
will contain a large collection of Geometrical Prob-. 
lems, TrigonometT)'', &c. 

EDITOR. 
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ERRATA. 

llie reader is desired to attoid to the followiflg Correetions 
and Amendments. The editor regrets the necessity of such 
a long list of errors. He is not the publisher of Uie.book, 
and is not responsible for typographical imperfections and 
errors. 

10. Two straight lines which intersect each 
other cannot be both parallel to the same 
straight line. 

For 4 Def. read Cor. 3 Def. 
After AF put , 
For ajfles read angles 
For first comma read » 
After line 1 read t/?C, BD bisect each others Sp 
For angled read angles 
For, read . 

For contains read contain 
For — i .^^j? ^ ^DE read « J AB— IDE 
For time read times 

Add, JilgebraieaUv. Let a denote the great- 
er party and a? the less; then a-^-x is the sum 
of the parts, and a — a? is die difference. 
Hence /^a + o?^ X fa — x)^aa — xo?, which 
is the prop. 

For DEHG read BEHF 
For ^Tread EI 

For These and the first four lines of p. Ill, 
ready Because the consequents of these ttoo 
analogies are the same the antecedents are 
proportumat (Fropor, A. p, tniij; there- 
fore, the triangle ECH: ADL : : base CH 
: DL. 
1 14 22 For meet read meetj fir if not, the angles 
B and E would be equal to tuM right an-* 

fles (29. 1 J 
or ; wherefire read , and 
For 61 read e 
For 2 read 3 
For circles read circle 
For 2 read 3 

At the upper right corner of the flg. write E 
{For 2<9t(/7. readll 
For axis read axes 
For 11 read 12 
Forp readn 

After cylinders read of equal altitudes 
For 13 12 read U 12 
For 17 read 16 
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Vm »0PORTI0K. 

A, If the antecedents in two proportions be the 
same, the consequents are proportional; a? d if the 
consequents be the same, the antecedents are pro- 
portioiial. 

If A : B : : C : D, 

and A : E : : C : F; 

then B : E : : D : F. 

For A : C : : B : D (36), and A : C : : E : F; 
- •. B : D : : E : F (34), . • . B : E : : P : F. 
Again, if B :A: :D:C, 
andE:A::F:r; 
then B : E : : D : F. 

The proof is the same as the first 

B If the means in two proportions be the same, 
the extremes are proportional in a cV-oss order; and if 
the extremes be the same, the means are proportional 
in a cross order. 

For AD «= BC, and EF « BC (26); . • . 
AD « EF, .-. A : F : : E : D (33). 
Again,if B : A : : D : C, 
and B : E : : F : C, 
it may be proved in the sani« manner that A : F ; t E ; D* 



Digitized by VjOOQ iC 



INTRODUCTION, 



OF PROPORTION. 

Tufi doctrine of Proportion, in the Fifth Book of 
Euclid^s Elements, is obscure, and unintelligible to 
most readers. It is not taught either in foreign or 
American colleges, and is now become obsolete* It 
has therefore been omitted in this edition of Euclid^s 
Elements, and a different method of treating Propor- 
tion has been substituted for it. This is the com- 
mon algebraical method, which is concise, simple, and 
perspicuous; and is sufEcient for all useful purposes in 
practical mathematics. The method is clear and in- 
telligible to all persons who know the first principles 
of algebra. The rudiments of algebra ought to be 
taught before geometry, because algebra may be ap- 
plied to geometry in certain cases, and facilitates the 
study of it. 

Those persons who desire to see the doctrine of 
Proportion treated according to a general method 
which is plainer than Euclid's, and equally accurate, 
may consult the geometry of Playfeir, Ingram, Leslie, 
Cresswell, and J. R. Young. Button, and other re- 
cent writers have adopted the algebraical method in 
their elements of geometry. Proportion is not pro- 
perly a geometrical subject. 

B 



Digitized by VjOOQ iC 






Digitized by VjOOQ iC 



» 4^ 



••■^; . 



PROPORTION. 

1. A less magnitude is said to be a part of a greater maeni- 
tude, when the less measures the ^ater, that is, when the less 
is contained in the greater a certain number of times exactly. 

2. A greater magnitude is said to be a multiple of a less, 
when th^ greater is measured by the less, that is, when the 
greater contains the less a certain number of times exactiy . 

Thus, if A be exactly three times B, then A is said to be a 
multiple of B5 and B is said to be a part of A. 

3. When several magnitudes are multiples of as many other 
magnitudes, and each magnitude contains its part the same 
number of times, the former magnitudes are said to be equi- 
multiples of the latter, and the latter are said to be like parts 
of the former. 

Thus, if A be triple of B, and C triple of D, then A, C are 
called equimultiples of B, D ; and B, 1) are called like parts 
of A, C, 

4. Two magnitudes are said to be homogeneous, or of the 
same kind, when the less can be multiplied so as to exceed tiie 
greater. 

Thus, a minute may be multiplied till the product exceed an 
hour, a yard till the product exceed a mile, &ci 

5. Two quantities are said to be commensurable, when they 
are divisible by a third quantity without a remainder ; and the 
third quantity is called their common measure. Thus, 4 and 6 
are commensurable, and 2 is their oommon measure. 

6. Two quantities are said to be incommensurable, when 
they are not divisible by a third quantity without a remainder. 

Thus, 4 and 7 are not commensurable, because they cannot 
be divided by a third number without a ren^inder. 

7. Between any two finite quantities of the same fcnrf there 
subsists 41 certain relation in respect of magnitude, which 13 call* 
ed their ratio. 

8. When we observe two quantities, one of which is double 
of the other, we acquire the idea of a particular ratio, or rela- 
tion, which the greater has to the less ; and when we afterward 
find two other quantities, one of which is also double of the 
other, we say that they have the same ratio which the two for* 
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4 PROPOBTIOK. 

mer quantities have to each other, or that the four quantities 
are propojul^onals. In like manner, by observing one quantity 
to be triple, quadruple, or any multiple of another, we acquire 
ideas of other ratios ; and thus we obtain ideas of all ratios 
where the greater quantity is a multiple of the less. 

9. The comparison between two quantities is made by con- 
sidering how often one quantity contains the other, or how of- 
ten one quantity is contained in the other. Thus, in compar- 
ing 6 withes, we observe that 6 has a certain magnitude with re- 
spect to 3,*for 6 contains 3 twice; and in comparing 6 with 2, 
we observe that 6 has a different relative magnitude, for 6 con- 
tains 2 three times. 

10. The quantities must be of the same kind, else they can- 
not be compared tOjgether, and therefore no judgment of their 
equality or inequality can be formed. Thus, 2 hours and 3 
jrards cannot be compared together^ because thu^ are quanti^ 
ties of a different nature, 

A 

1 1. The ratio of A to B is expressed by ^, or by two points 

{placed between them, as A : B. The former quantity A is cal- 
ed the antecedent pf the ratio, and the latter B the consequent 

12. The antecedent and consequent are called the terjns of 
the ratio, and the quotient of the two terms is called the mea* 

A 
BurCy indeXy or exponent of the ratio. Thus, if ^=iw, then m 

is called the measure^ &c. of the ratio of A to B, 

13. One ratio is greater than another when its antecedent is 
a greater multiple, part, or parts of its consequent than the an- 
tecedent of the other ratio is of its consequent Thus, the ratio 
7 ; 4 is greater than the ratio 8 : 5, because ^ and f reduced 

' to a common denominator are |^ and ||, and || is greater than 

IfbyTV . • 

14. If the antecedents of any ratios be multiplied together^ 
and also the consequents, a new ratio results, which is said to 
be compounded of the former ratios. Thus, if A : B and G : D 
be two ratios, then AC : BD is said to b© compounded of the 
two ratios A : B and C ; D, 

15. If a ratio be compounded of two equal ratios, it is called 
a duplicate ratio ; if of three equal ratios, it is called a triplu 

A C AC 

cate ratio, &c Thus, if ^ s=s7w, and -=r^mj then :^^ » m% 

that is, the ratio of AC to BD is duplicate of the ratio of A to 



Digitized by VjOOQ iC 



PROPOHTION. 5 

B,orofCtoD. If|«m,^«m, |«m;then^- 

7»3 J that is, the ratio of ACE to BDF is triplicate of the ratio of 
A to B, orof C to D, or of E to F. 

16. The ratio of A to B is said to be one third of the ratio of 

A^ to B', and the ratio of Aw to Bw is said to be an Twth part 
of the ratio of A to B. 

17. Let the first ratio be a : 1, then a^ : l, e^ : Ij . . . , 
fl« : 1, are twice, thrice, , , , , n times the first ratio a : 1. 
n, the index of a, shows what multiple or ijart of the ratio a* : 
1 the first ratio is. For this reason the indices 1, 2, 3, . . • n 
are called measures of the ratios a* : 1, a* : 1, a' : 1, . . . , 
a« : 1. 

18. Proportion is an equality of ratios. 

Thus, let ^ =s fro, and— ±:i n; then, if m^n, the two ra- 
Jo D 

ties are equal, that is, A has the same ratio to B which C has 
to D. 

If m be greater than n, then A has to B a greater ratio 
than C has to D, and the four quantities are not proportional. 

If m be less than n, then A has to B a less ratio than C has 
to D, and the four quantities are not proportional. 

A proportion is thus expressed, A : B : : C : D, or A : B 

A C 

=a C : D, or ^' ass --, and is read A is to B as C is to D. 

1 9. Hence four quantities are proportional when the first con^ 
tains the second as often a3 the third contains the fourth. 

Note. It will not always happen that the first quantity con- 
tains the second exactly, or the tnird contains the fourth ; but 
the criterion of proportion is complete if the two fractions 
which consist of the terms of the two ratios be equal ; that i»> 

A C 
when w «= ^j then A : B : : C ; D. 

If A .;= 10, B = 5,C :;= 8, D ==4; then4 «^ ^ 2, and -§ 

« ^«2. Hence 10 : i5 : : 8 :4. Again, 3 : 4 : : 9 : 12,fori-s«^. 
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6 FROPOETiair. 

The following is a general definition of proportion, whether 
the terms of the two ratios be commensurable or incommen- 
surable. 

20* Four quantities are proportional when any multiple of the 
first contains the second as often as the same multiple of the 
third contains the fourth. 

Let A, B, C, D be four quantities, and m any number, and 

let^«:^;thenA:B::C:D. Let A«2,B«3,C«4, 

D = 6,and m = 3 ; then^« A «.2, and ^^^ « 2; 

therefore 2 : 3 : : 4 : 6. 

21. The terms A and D are called extremes, and the terms 
B and G are called means. 

22. In any proportion the two antecedents, or the two con- 
sequents, are sometimes called homologous terms; and each an- 
tecedent with its consequent are called analogous terms. 

23. If the sum or diflference of two numbers be 
multiplied by any number, the product is equal to the 
sum or difference of the separate products of the first 
two numbers multiplied by the third. 

Let A, B, C, be three numbers; (B-l-C) A=AB+AC, and 
(B— C)A=AB-^AC. 

For the product AB is the same as each unit in B repeated 
A times, and the product AC is the same as each unit in C re- 
peated A times; therefore the sum of the products AB-|- AC is 
equal to the units contained in B-|-C repeated A times, or AB 
+AC is equal to the sum of the numbers B and C multiplied 
by A. 

Again, for the same reason, the difference between the pro- 
ducts AB and AC, or AB — AC, must be equal to the differ- 
ence of the units contained in B and C, or in B — C, repeated 
A times ; that is, AB — AC is equal to the difference of the num- 
bers B and C multiplied by A. 

24. Cor. 1. Hence a number which measures (or divides) 
luiy two numbers will measure their sum and difference. Thus, 
A measures AB and AC, and also AB-|-AC and AB — AC. 

25. Cor. 2. Hence it is manifest that the first part of the pro- 
position may be extended to more than two numbers, or that 
AB+AC+AD+ &c, « A (B+C+D+ &c.) 
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PftOPOBTtON; 1 

26. If four quantities be proportional, the product 
of the extremes is equal to the product of the nveans. 

If A : B : : C : D, then AD«BC. 

For^«-£.-.AD«BC. 

27. If the first quantity be to the second as the se- 
cond to the third, the product of the extremes will be 
equal to the square of the mean. 

If A : B : : B : C, then AC«B». 

For^ = ^,.-.AC=B». 

28. Cor. B=ss-v/ AC, that is, a( geometrical mean proportion- 
al between two quantities is equd to the square root of their 
product 

29. If any three t^rms of a proportion be given, the fqurOi 
term may be found. 

Let X be the unknown term, and let A : B : : C :ar,then A^ 

« BC (26), .-. Of = ~. Again, let A : B : : ar : D, then Bx 

A 

« AD, .-. 3p = -g-. 

Note, This ailicle contains the demonstration of the Rule 
of Three in Arithmetic 

SO, Equimultiples of any quantities have the same 
ratio to one another which the quantities have; aiwl 
like parts of any quantkies have the same ratio to one 
another which the quantities have. 

Ij^ A and B be any quantities, and m any number; mA : 
mB : : A : B, and 4A : mB : : A : B. 



ForA:B: 


:A:B,.- 


A 

b" 


4- 


mA A 

•«»b"b' 


crmAimB 


:;A:B. 


Again, because A 


:B 


: :A 


= B.A. 


t-> 




■|.« 


>hA : ^B : 


:A:B. 















Digitized by VjOOQ iC 



8 f BOPORTION. 

31. If foiir quantities he proportional, according a^j 
the first quantity is greater than, equal to^ or less than 
the second, the third quantity is greater than^ equal tO; 
or less than the fourth. 

Let A : B : : C : D, then AD —BC (26), .-. if Abe greater 
than B, then C is greater than D, if A=B, then C=D, and if A 
be less than B, then C is less than D. 

32. If four quantities be proportional, according as 
the first quantity is greater tJian, equal to, or less than 
the third, the second quantity is greater than,.equ£d to, 
or less than the fourth. 

Let A : B : : C : D, then AD « BC (26), .-. if A be greater 
than C, then B is greater than D,if AanC, thenBs=D,andif A 
be less than C, then B is less than D. 

33. If the product of two quantities be equal to the 
product of two other quantities, these four quantities 
may be turned into a proportion by making the terms 
of one product the means, and the terms of the other 
product the extremes. 

Let AD»BC, then^ — k^> that is, A :B : : C : D. 
IS X) 

84. Quantities which have the same ratio to the 
same qeantities are proportional. 

LetA :B 2 :C : D, andC :D : : E : F, then 
A . H . . Ji- . i*. uecause^ «j^,ana — oip, |^B«— , 

or A : B : : E : F. 

35. If four quantities be proportional, they are also 
proporticmal when taken inversely. 

lfA!lB::C:D,ihenB:A::D:C. For^«~,.v^ 
«E,orB:A::D:C. 

36. If four quantities be proportional, they arc also 
proportional when taken alternately. 
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PBopoaxioir. 



.X. ^l' ^^ ^"*' 1"antities be proportional, the sum of 
the first and second is to the second, as the sum of the 
third and fourth is to the fourth. 

A + B^b" /c +'d ; D*° ^^^ composition) 
Por^-C^B^D. .A+B C + D 
B D' B D'- — W~ ~W~'°^ 
A + B : B : : C + D : D. 

38. If four quantities be proportional, the difference 
between the first and second is to the second, as the 
difterence between the third and fourth is to the fourth. 

Let A : B : : C : D, then (by division) 
A~B :B : ;C--D :D. 

For ^^ £, andl.« £. . A— B ^C--D 

B U' B W W~ ~-D—'°' 

A — B : B : : C — D : D. 

39. If four quantities be proportional, the first is to 
the sum or difierence of die first and second, as the 
third is to the sum or difference of the third and fourth* 

A n* f i" ' J,*^ l^' *«° 0>y conversion) 
A:A + B::C:C + D, andA:A-.B::C:C-D. 
ForB!A::D:C(35),or5.«D ^^A^C, . 

A C' A C' • 

B + A D + C „ 
-X^"—!^-' • • B ± A : A :: D± C : C, 

/.A:B j-A::C:D±C. 
Cor. B J: A : A : : D ± C : C (35). 

40. If four quantities be propcntional, the sum of 
the first and second is to their difference, ai« the sum 
of the thud and fourth is to tlieh- difference. 

Let A : B : : C : D, then (by mixing) 

A +B:A— B::C +D:C5— D. 
For A + B : B : : C + D tD (37), 
A A + B : C + J) : : B : D (36). 

AgainjA — B:B::C — D:D (38). 
•A—B.-C — D::B:D. 

C 
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10 YAOPORTION. 

Hence A + B:C+D::A— B: C— D (34) 
.-. A + B i A— B t : C + D : C — D (36). 

41. If several quantities be proportional, as one of 
the antecedents is to it^ consequent, so is the sutti of 
all the antecedents to the siim of all the consequents. 

Let A : B : : C : D :: E : F : : G : H, &c. that is, let 
A : B : : C : D, and A : B : : t; : F, &c. 
then A:B::A + C + E + 6:B + D + F + H. 
For AD = BC (26), AF = BE, AH =fe BG; also AB =- BA; .-. 
AB + AD + AF + AH - BA + BC + BE +BG, or 
A><(B + D + F + H)=«Bx(A + C + E + G) (25), .-. 
A:B::A + C +E + G:B + D + F + H (33). . 

42. if there be several ranks of proportional quan- 
tities, the products of the corresponding terms will be 
proportional. 

IfA:B::C:D 
and£:F:iG:H 
and I : K : : L : M 
then AEI : BFK : : CGL : DHM. 

For^«^ &^«2: &l«i^. . AEI _ CGL 
B D' F H' K M'** BFK'^DHM' 
.-. AEI : BFK : : CGL : DHM. 

43. If the same quantity occur in all the terms of 
, a compound proportion, or in either of its two ratios, 

that quantity may be rejected, and the remaining 
terms will be proportional* 

IfA:B::C:D 
and E : A : : F : C 
then AE : AB : : CF : CD (42) 

.-. E:B::F:D(30). 
Again, let A : B : : C : D 
and B : E : : D : P 
and E : G : : F : M 
then ABE : BEG: : CDF : DFH 

.-. A:G:;C:H. 

44. If four quantities be prq)ortioiial, the like pow- 
ers or roots of those quantities will be prc4)ortionaL 

If A : B : : C : D, then A" : B«': : C» : D«, n being either a 
whole number or a fraction. 
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Because A. •?, A'^ C* ^^ A*^ C^' 
and ^•--^, that is, A» : B» : : C" : 0", 

45. If several quantities, A, B, C, D, E, &c, be in 
continued proportion, the first quantity will be to the 
third as the square of the first is to the square of the 
second; the first quantity will be to the fourth as the 
cube of the first is to the cube of the second, &c« 
that is, 

A : C : : A* : B", or in the duplicate ratio of A : B; 
4 5 D : : A^ : B^, or in the triplicate ratio of A : B; 
A : E : : A* : B*, or in the quadruplicate ratio of A : B; &c. &c. 

1. Let A : B : f B ; C, then B> -= AC (26), .% 

A X B« « A X AC = A» X C, .-. A : C : : A« : B« (33). 

2. Let A: B : :B : C : ; C : D^ then A : C : : A» : B* (as above). 

But C : D : : A : B 

.-. A:P:: A3:B^(4?&43). 

3. Let A ; B : : B : C : ; C : D : : D : E, 

then A : D : : A' : B^ (as above). 
But D : E : : A : B 
.;. A ^ E : ; A* : B*, 



Scholium. The doetrtne of Proportion in this tract is more 
general than that in Euclid's Efements^ It includes the pro-> 
perties of both proportional numbers a:nd of magnitudes. Eu- • 
clid's Fifth ^ook contains the properties^ of proportional mag- 
nitudes only. The word quantity, employed above, denotesi 
. both numbers and magnitudes, or objects having extension. 

This tract is chiefly taken from the treatises of Algebra of 
Wood and Bridge, and is the same in substance as is taught 
^n foreign universities, instead of the Fifth Book of Euclid* 
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THE ItfOST XTSEFUL PBOPBRTIEa OF PBOPOBTIOIf. 

If lour quantities be proportional, the product of the 
extremes will he equal to the product of the means. 

If the first quantity be to the second as the second 
to the tbir^i the product of the extremes will be equal 
to the square of the mean. 

If four quantities be proportionals according as the 
first quantity is equal to, greater, or less than the se- 
cond, the third is equal to, greater, or less tlwi the 
fourth ; or according as the first quantity is ^ual to^ 
greater, or less than the third, the second is equal to, 
greater, or less than the fourth. 

If the product of two quantities be equal to die pro- 
duct of two other quantities, these four quantities 
may be turned into a proportion by making the terms 
of one product the meansi, and the terms of the other 
product the extremes. 

Quantities which have the same ratio to the same 
quantities are proportional .- 

If four quantities l>e proportional, they are also pro« 
portional by inversion, alternatioq, composition, divi- 
sion, conversion, and mixing. 

If several quantities be proportional, as one of the 
antecedents is to its consequent, so is the sum of all 
the antecedents to tlie sum of all the consequents. 
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14 rROPORTION. 

If four quantities be proportional, and if the first 
and second be multiplied or divided by any quantity, 
and also the tliird and fourth, the resulting quantities 
ivill be proportional; or if the first and third be mul- 
tiplied or divided by any quantity, and also the second 
and fourth, the resulting quantities will be propor- 
tional« 

If there be several ranks of proportional quantities, 
the products of the correspondbg terms will be pro- 
portional. 

If four quantities be proportiorlal, the like powers, 
and the like roots of those quantities will be propor- 
tional. 

If three quantities be proportional, the first quanti- 
ty will be to the third, as the square of the first is to 
die square of the second. 
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ELEMENTS OF GEOMETRY. 
BOOK I.* 



EXPLANATION OF TERMS. Ed. 

A PKOPOsiTioN is something which is proposed either to be 
done, or to be demonstrated^ and is either a theorem or a 
problem. 

The words in which a proposition is expressed are called 
the enunciation of the proposition. 

A /A«or«» is something which is proposed to be demon- 
strated; or, it is a truth which becomes evident by means of a 
train of reasoning called a depionstration. 

K problem is something which is proposed to be done; or^ 
it is a question proposed, which requires a solution. 

A lemma is something which is premised, or previously de- 
monstrated, with a design to facilitate the demonstration of a 
theorem, or the solution of a problem* 

\ corollary is acojisequent truth, or proposition deduced 
immediately from som<s preceding truth, proposition, or de- 
monstration. 

A acholium is a remark made upon one or more preceding 
prpppsitions, and tending to show their connection, or re- 
striction, or extension, or utility. 

An axiom is. a iself evident proposition. ' 

A postulate is something required to be done, which is so 
easy and evident that its practicabiUty csuinot be df ni^ 

^See Notes at the end of th^ voluvfie^ 
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BEFINITIONS. 

A. GEOMETRY is that science, which treals of the pro« 
perties and relations of solace; or, it is that science whose oh* 
ject is the 'measure of extension. Editor. 

B. Extension has three dimensions) length, breadth, and 
thickness. Ed. 

C. . Magnitude is that kind of quantity which we conceive 
to be extended, and divisible into parts. There are three 
sorts of magnitudes, a line, a surface, and a solid. Ed* 

1. A Point is that which has position, but not magnitude* 

2. A Line is length Without breadth. 

Corollary. The extremities of a line sp^ pointis; and the in- 
tersection of two lines is a point 

3. A straijdit line is that which every wheie tends the same 
way. See Note. , Ed^ 

4. Cor, Hence a strai^t line is the least distance between 
two points. £0. 

5. A curve line is that which continually ehaages its dire(> 
tion between its extreme points. Ed. 

6. A superficies, or surface, is that magnitude which haa 
qnly length and breadth* 

7^ Cor, The extremities of a superficies are lines; and the 
intersection of one superficies with another is a line* 

8. A plane superficies is that in which an^ two poins being 
takeii^ tne straight line which jofaM them hes wholly in that 
superficies. 

9» If two straight lines diverge from the same point, the 
fining between them is oalled an angle* Ed* 

10. An angle is formed by the meeting, or intersection of 
two lines* The point of concourse of the two lines is called 
the anqimit, vertex, or angular point Ed* 

The magnitude of an angle does not depend on the lengdi 
of the two lines which form it, but on the wideness of their 
opening* Thus, tiie angle ABC is greater than the angle 
DBC. Ed. 
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When several angles are at one point B. any one of them is 
expressed by three letters, of which the letter at the vertex 
of the angle is put between the other two letters, and one of 
these two is somewhere on one of those straight lines, and the 
other on the other line: thus, the angle which is contained by 
the straight lines AB, €B, is named the angle ABC, or €BA; 
that which is contained by AB^ BD, is named the an^e ABD, 
-or DBA; and that which i$ contained by BD, CB, is called 
the an^le DB€, or CBD. If there be only one angle at a 
point, it may be expressed by a letter placed at that point, as 
llie angle at £• 

10. When a straight line standing on 
another straight line makes the adjacent 
angles equal to each other, each of the an- 
gles is called a right angle; and the 
straight line which stands on the other . 
is caued a perpendicular to it. 

Otherwise. When a straight line standing on unother 
straight line does not incline to either side of it, the former 
line IS said to be perpendicular to the latter; and the two an« 
gles which it forms with the latter are called right angles. 

Ed* 

11. Cor. Hence all right angles are equal to one another. 
For they are formed by straight lines standing perpendicu- 
larly on other straight lines; and since they are formed ex- 
actly in the same manner they are necessarily equal to one 
anomer, Ed» 

12. An obtuse angle is that which is greater than a right angle* 




D 
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13. An acute angle is that which is less than a right angle. 
Note. An angle which is either acute or obtuse is often call- 
ed an oblique angle. Ed. 

14. If two lines be in the same plane, and do not meet, 
though produced ever so far both ways, they are called paral- 
lel lines. 



Otherwise. If two lines be in the same plane, and have no 
inclination to each other, they are called parallel lines. En. 

15. Cor. 1. Hence parallel lines are equidistant For they 
neither accede to, nor recede from each other. Ed. 

16. Cor. 2. If two straight lines be perpendicular to the 
same straight line, they are parallel to each other. For they 
have no inclination to each other. Ed. 

17. A figure is that which is enclosed by one or more boun** 
daries. 

18. If a finite straight line be supposed to revolve in the 
same plane, about one of its extremities, which is fixed, until 
it arrive at the place from which it began to move, the surface 
described by the revolving line is called a circle. Ed. 

19. The fixed point about which the line revolves is called 
the centre of the circle; the revolving line is called a radius; 
and the curve line described by the moveable extremity of 
the revolving line is called the circumference of the circle. 

Ed. 
80. Cor. Hence a circle is a plane figure contained by a 
c^rve line, or circumference, and all straight lines drawn 
from the centre to the circumference are equ^ to one another. 

21. A diameter of a circle is a 
straight line cjrawn through the cen- 
tre, and terminSited both ways by 
^e circumference; and a radius is a 
straight line drawn from the centre 
to the circumference. 

32. A semicircle is the figure con- 
tained by a diameter and the part of 
the circumference cut off by the di- 
ameter. 

Note, The circumference of a circle is often called a circle; 
and the arch of a semicircle is often called a semicircle. Ed. 

23. Rectilineal figures are those which are contained by 
straight lines. 
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24. Trilateral figures^ or triangles^ are contained by three 
straight lines. 

25. Quadrilateral figures by four straight lines. 

26. Multilateral figures, or polygons, by more than four 
straight lines. 

27. Of three-sided fijgures, an equilateral triangle is that 
which has three equal sides. 

28. An isosceles triangle is that which has two sides equal. 






29. A scalene triangle is that which has three unequal sides. 

SO. A right angled triangle is that which has a right angle. 

31. An obtuse angled triangle is that which has an obtuse 
angle. 




32. An acu^e angled triangle is that which has three acute 
angles. 

Note. A triangle which has no ri^t angle is often called an 
ohliqAie angled triangle* En. 

33. Of quadrilateral figures, a s(||uare is that which has one 
right angle, and all Its sides equal. 




34. A reetanjgle is that which bad all its angles right a6gle$, 
but has not all its sides equal. 
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35. A parallelogram is that which has its tvro opposite 
sides paraflel. 




36. A trapezium is a four-sided figure, of which the opposite 
sides are not parallel; and the diagonal is the stiraignt line 
joining two of its opposite angles. ^ 



Ed. 




37. A straight line joining two opposite angles of any 
c^uadrilater^ figure, or two opposite angles of any polygon, 
is called a diagonal. Ed. 

38. In a right angled triangle the side opposite to the right 
ai^le is called the h3rpothenuse; and of the other two sides 
one is called th<e base and the other the perpendicular, accord- 
ing to the position in which the triangle is described. Also, 
the two sides are sometimes called the l^s. Ed. 

39. The altitude of any figure is the straight line dra^vn 
from its vertex perpendicular to the base* 

40. That part of Geometry which treats of the measure- 
ment and position of plane figures, of straight lides, and of 
rectilineal angles, is called Plane Geometry. 

POSTULATES. 

1. Let it be ^granted that a straight line may be drawn 
from any one point to any other ^int. 

2' That a terminated Straight Une may be ^oduced to any 
length in a straight line. 

3. That a circle may 1)0 described from any centre, at any 
distance from that centre. 

4. That a straight line which meets one of two parallel 
straight lioes may oe produced till it meet the other* £d. 
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5. If there be two equal straight lines, and if any figure 
whatever be constituted on one ot them, a figure exactly sim- 
ilar to it may be constituted on the other. 

AXIOMS. 

1. Things which are equal to the same thing are equal to 
one another. Also things which are equal to equal things are 
equal to one another. 

2. If equals be added to equals, the wholes are equal. 

3. If equals be taken from equals, the remainders are equal. 

4. If equals be added to unequals, the wholes are unequal. 

5. If equals be taken from unequals, the remainders are 
unequal. 

6. Things which are doublets of the same thing are equal to 
one another. 

7. Things which are halves of the same thing are equal to 
one anotheh 

S. Magnitudes which coincide with one another, that is^ 
which exactly fill the same space, are equal to one another. 

9. The whole is greater than its part 

A. The whole is equal to all its parts taken together. Ed. 

^ B. It is impossible for the same thing to have, at the same 

time, two qualities which are inconsistent with each other. £d. 
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PROPOSITION I. PROBLEM. 



To dlescribe an equilateral triangle on a given 
finite straight line. See J\rote. 

Let AB be the given straight line; it is required to describe 
an equilateral triangle on it 

From the centre A , at the 
distance AB, describe the 
circumference of the circle 
BCD (3 Postulate); and 
from the centre B, at the 
distance BA, describe the 
circumference of the circle 
ACE. Then, because the 
circumCerence of each cir- 
cle passes through the cen- 
tre of the other, the two cir- 
cles will cut each other in some ppint C. From the point 
C draw the straight lines CA, CB, to the points A^B (I Post); 
AW? will be an equilateral triangle. 

Because the point A is the centre of the circle BCD, AC is 
equal to AB (20 Definition); and because the point B is the 
centre of the circle ACE, BC is equal to BA : therefore C A 
and CB are each of them equal to AB. But things which are 
equal to the same thing are equal to one another (1 Axiom); 
therefore CA is equal to CB; wnerefore CA, AB, BC are equal 
to one another; and they form a triangle ABC; therefore the 
triangle ABC is equilateral; and it is described on the givea 
fitrai^t line AB, Which was required to be done.* 




PROPOSITION IL PROBLEM. 

From a given point to draw a straight line equal to 
a given straight line. 

Let A be the given point, and BC the given straight line; it 
is required to draw from A a straight line equal to BC. 

* This demonstration is fuU and minute. 
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Join the points A, B, and on AB 
describe the equilateral triangle 
DAB (Prop. 1). From the centre B, 
at the distance BC, describe the 
circle CGH (3 Post), and produce 
DB to G {2 Polst). From the cen- 
tre D, at the distance DG, describe 
the circle GKL, and produce DA 
to L. AL will be equal to BC. 

Because the point B is the centre 
of the circle CGH, BC is equal to 
BG (20 Def.) ; and because D is the 
centre of the circle GKL, DL is e- 
aual to DG. But DA, BD, parts of 
them, are equal {27 Def.) ; therefore the remainder AL is equal 
to the remainder BG (3 Ax.). But BC is equal to BG; where- 
fore AL and BC are each of them equal to BG; therefore thcF 
line AL is equal to BC (1 Ax.); and AL is drawn from the 
given point A, as was to be done. 

PROPOSITION IIL PROBLEM. 

From the greater of two given straight lines to cut 
off a part equal to the less. 

Let AB and C be two given 
straight lines, whereof AB is the 
creater. It is required to cut off 
from AB a part equal to C. 

From the point A draw the | 
straight line AD equal to C (Prop. 
2.) ; and from the centre A, at the 
distance A D, describe the circle 
DBF, cutting AB in E (3 Post). 
Then A£ is equal to C. 

Because A is the centre of the circle D£F, A£ is equal to 
AD (20 Def.). But the straight line C is equal to AD; whence 
AE and C are each of them equal to Ali; wherefore AE 13 
etfbsd to C (I Ax.). Therefore, from AB, the greater of two 
straight lines, a paot AE has been cut off equal to C, the Jesis;. 
Which was to be done. 

PROPOSITION IV. THEOREM. 

If two triangles have two sides of one triangle equal 
to two sides of the otber^ each to each; and have also 
the angles contained by those sides equsl to each 
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Other; their third sides will be equal; and their sur- 
faces will be equal; and their otner angles tQ which 
the equal sides are opposite will be equals each to 
each.* 

Let ABC, DEF be two triangles, which have the side AB 
equal to D£, s^nd AC to DF; and the angle A e^ual to D; then 
the base BC will be equal to EF, and the triangle ABC to 
DEF; and the other ansles, to which the equal sides are op- 
posite, will be equal, each to each, namely, tne angle B to Jpt 
and the angle C to F. 





If the triangle ABC be applied to the triangle DEF, so that 
the point A may be on D, and the straight line AB on DE, 
the point B will coincide with E, because AB is equal to DE; 
and because AB coincides with DE, and the angle A is equal 
to D, AC will coincide with DF; wherefore also the point 
C will coincide with F, because AC is equal to DF. But the 
point B coincides with E; wherefore the oaseBC will coincide 
with EF, and will be equal to it Therefore tha whole trian- 
gle ABC will coincide with the whole triangle DEF, and be 
ec}ual to it; and the remaining ansles of one trianele will coin- 
cide with the remaining angles of the other, ana be equal to 
them, namely, the angle B to E, and the an|;le C to F. 

Therefore, if two triangles have two sides of one triangle 
equal to two sides of the other, each to each, and have also me 
angles contained by those sides equal to each other; iheit b^ses 
will be equa],'and their surfaces will be equal, and their other 
angles to which the equal sides are opposite will be equal, each 
to each. Which was to be demonstrated* 
'■ ' ' ■ ' ■ ' " ■ ' " I . ' . ' ■ ■ '■'■ ' ' ■' ■ ' ■ 

* Shorter enunciation, thtis: — If two sides of one triansle 
be equal to two sides of another, each to each, and if the angles 
.€<mta]ned by tjiose sides be ako equal, the triangles will be 
^ipl j|i all re^pepts. 
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PROPOSITION A. THEOREM. 
This is Prop. 26. 

If two triangles have two angles of one triangle 
equal to two angles of the other, each to each, and 
have also the std«s betwej^n those angles equal to each 
other; then will the other two sides be equal, each to 
ea9h9 and the third angle of one triangle to the third 
angle of the other. 

Let ABC, DEF be two triangles which have the angles 
B, C equal to the angles E, F, each to each, and the side 
UC equal to EF; then the other sides will be equaJ, each to 
each, namely, AB to DB, and AC to DFj atid the third angle 
A to the third angle D. 

D 




Let the triangle ABC be applied to DEF, so that the side BC 
niay coincide with EF; then the side AB will lie on DE, be- 
cause the angle B is equal to E, and the side AC will lie on DP, 
because the angle C is equal to F, Therefore the point A where 
BA, CA meet, will fall on the angular poiilt D. Consequently 
the side AB coincides with DE, AC with DF, the angle A with 
D, and tiie triangle ABC with DEF. Therefore, if two tri- 
angles &c. Q.E.P. Ed. 

Cor. 1. if two angles of a triangle Ke equal to each other, the 
sides opposite to them are equal. 

For suppose the two angles at the bas^ of each triangle to be- 
come e(]ual to each other, then the four angles dt the bases of 
both triangles will be equal to one another; therefore the sides 
opposite to them will be. equal to one another by the pronosi- 
tion* £i). 
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Cor. 2. If two trianries be mutually equiangular, and have 
two corresponding sicfes eoual to each other, the other corre- 
sponding sides win be equal, and the triangles will be e<mal irt 
all respects. Ed. 

PROPOSITION V. THEOREM. 

IF two sides of a triangle be equal, the angles oppo* 
site to them are equal. 

Let ABC be a triangle, of which the side AB is equal to AC ; 
the angle ABC is equal to ACB. 

Produce AB, AC to D and E. In BD take any pmnt F, and 
from AE, the greater, cut off AG equal to AF, the less (3. h), 
and join FC,GB. 

The side AF is equal to AG, 
and AP to AC, and the angle A 
is conunon to the two triangles 
AFC, AGB; therefore the base 
FC is eoual to GB (4. 1. ), and the 
ang;le ACF to ABG, and the angle 
AFC to AGB. 

Because AF is equal to AG, and 
the part AB to AC, the remainder 
BF IS equal to the remainder CG 
(3 Ax.) 

In the triangles BFC, CGB, the 
side BF is^ equal to CG, and FC 
to GB, and the angle BFC to 
CGB; therefore the angle BCF is equal to CBG (4 1.). 

Now, since it has been proved that the an^le ABG is equal to 
ACF, and the part CBG to the part BCF, the remaining angle 
.ABC is equal to the remaining angle ACB (3 Ax.). There- 
fore, the angles at the base &c. ,Q. E. D.* • 

Otherwise. If tiie side AB be equal to AC, the angJe ABC 
is equal to ACB. For.no reason caln^be assigned that the an- 
gle ABC should be either greater or less than ACB; therefore 
the angles ABC, ACB are equal. Q. E. D. , Ed. 

Otherwise, This proposition is merely a corollary to the 
fourth. 




*^uod erat demon^randuiht which was to be demonstrated. 
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For, ktthe sides AB,AC be ^u^l tol^aeh oilier, and also (he 
sides DE, DF be equal 5 tlien the four sides AB, AC, DE, D^, 
are equal to one another; therefore the four angles subtended 
by those four sides are equal to one another (4. 1 .). Therefore 
the two andes at tho^ base of each triangle are equal to each 
other. Q.E.P. Ep, 

Cor. Henoe every equilateral triangle is also equiangular. 

Let ABC be an equilateral trifingle; 
then because the two sides AB, AC are 
equal, the angles B and C at ^e base 
are equal. Again, because the sides B A, 
BC are equal, the angles A and C at the 
' base are ^ual. Hence each of Hie an- 

§les B and A is equal to C; therefore 
ley are equal to each other (1 Ax.). 
Wherefore the three angles of the trian- 
gle ABC are equal, that is, the triangle 
ABC is equian^lar. . Ed. 
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PROPOSITION VI. THEOREM.* 

If two angles of a triangle be equals the sides oppo- 
site to them are equal. See J^ote^ 

Let ABC be a triangle having the angle B equal to C; the 
iide AB is also equal' to AC. 

For if AB be not equal to AC, one of them is greater than the 
other. Let AB h^ the greater, and from it eut off DB equa] 
to AC, the less (3. 1.), and join DC. In a 

the triangles DEC, ACB, DB is equal to 
AC, and jBC common to both, and the an- 
' gle B is equal to ACB (by the supposition) ; 
fiierefore the triangle DBO is equal to 
ACB (4. L), the less to the greater, which 
is absurd. Therefore the side AB is not 
greater than AC, In the same manner it 
may be proved that AB is not less than AC, . 
Consequently AB is equal to AC, There- 
fore^ if two angles &<v Q. £. D. 

Otherunse. If the angle B be equal to C, the side AB is 
equfli to AC, For no reason can be assigned that the side AB 
should be either greater or less thaQ AC ; werefore the sides AB 
AC are equal. Q. E. D. . . Ed. 

Cor. Hence every equis^ngular triangle is also equUateraL 

liet ABC be an equiangular triangle (figure to Cor. Prop. V) ; 
then because the angle B is equal to C, the side AC is equal to 
AB; and because the angle A is equal to C, the side BC is equal 
to AB. Hence each of the sides AC and BC is equal to AB; 
therefore they are equjal to each other ( 1 Ax,). Therefore the 
thriee sides of the tnaiAgle ABC are equal, that is the triangle 
ABC is equilateral £o. 




* This 18 the convene- of Proposition V, jmd may be inferred from it 
Without demoDstrajtion. 
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PROPOSITION VIIL THEOREM 

If two triangles have the three sides of one tri- 
angle equal to the three sides of the other, each to 
oach, they arc equal iit all respects. 

Liet ASCy DEF be two triangles having the side AB equal to 
DE, and AC to DF, and BC to JEF; the triangle ABC is equ^ 
to DEF, the andie A to D/ the angle B to E, and the angle 




Let the triangle DEF be applied to the triangle ABC, so 
that their longest sides, BC^ EF, may coincide; and let BGC 
represent the triangle DEF in an inverted position. Join AG. 
Because the sides 6B and AB are each equalyby hipothesis^to 
DE, thev are equal to each other; therefore the triangle ABG 
is isosceles, wherefore the angle BAQ is equal to BGA (5w I,).' 

In the same manner it may be shown that the side AC is 
equal to CG, and the ande CAG to CGA. Therefore the two 
angles BAG, CAG to^Uier are equal to the two angles BGA, 
CGA together; that is, the whole angle BAC is equal to the 
whole angle BGC. But the angle BGC is, by hypothesis, eaual 
to the angle EDF; therefore also the angle BAC is equal to 
HDF. Hence tije triangles ABC, DEF are equal in all re- 
spects (4. 1.). Wherefore, if two triangles &c Q. E. D. 
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PROPOSITION IX. PROBLEM. 

To bisect a pven rectilineal angle ; that is, to di- 
vide it into two equal angles. 

Let BAG be the given rectilineal angle; it is required to 
bisect it 

Take any point D in AB, and from AC cut off AE equal to 
AD (3. 1.); join DE, and on it describe an equilateral triangle 
DEF (1. 1.); join AF; then the straight line AF bisects the 
angle BAG. 

Because AD is equal to AE^ 
and AF is common to the two 
triangles D AF, EAF, and DF 
is equal to EF ; the angle D AF 
is equal to EAF (8.- l.J; where- 
fore the angle !BAG is bisect- 
ed by the straight line AF. 
Which was to be done. 



Scholium. In the same manner may each of the angles 
BAF, CAF be bisected. Therefore by successive subdivi- 
sions an angle may be divided into four, eight, sixteen, &c. 
equal parts. Ep. 

PROPOSITION X. PROBLEM. 

To bisect a given finite straight line; that is, to di- 
y\6it it into two equal parts. 

Let AB be the given straight line; it is required tp divide 
it into two equd jMrts. 

On AB describe an equilateral triangle ABC (1. 1.), and 
bisect the angle ACB by the straight line CD (9. 1.); AB is 
bisected in the point D. 
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Because AC is equal to CB, and CD 
is^common to the two triangles ACD, 
BCD, and the angle Al'D is equal to 
BCD; the base AD is equal to DB 
(4. 1.); therefore the straight line AB 
is divided into two equal parts in the 
point D. 



Cor. If a straight line bisect the vertical angle of an equila- 
teral or an isosceles triangle, it will also bisect the base at right 
angles. For the triangles ACD, BCD are equal in all respects. 

PROPOSITION XL PROBLEM. 

To draw a straight line at right angles to a given 
straight line, from a given point in the same. 

Let AB be a given straight line, and C a point given in AB; 
it is required to draw a straight line from C at right angles 
to AB. 

Take any })oint D in AC, and make CE equal to CD (3. 1.); 
on DE describe the equilateral 
trianele DFE (1. 1.), and join f 

FC ; the straight lineFC jdrawn 
from the given point C, ii 
at right angles to the given 
strai^t line AB« 

Because DC is equal to CE, 
tad FC is common to the two 
triangles DCF, ECP,and the 
mde.DF isequal to EF; the an- 

|de DCF is eaual to ECF (8. 1.) ; smd they are adjacent angles; 
Qierefore eacn of the angles DCF, ECF, is a right angle 
(lODef,). Wherefore from the ^ven point C, in the given 
straight line AB, FC has been drawn at right angles to AB. 

^ Note. If the given point C be at or near the end of the 
given line AB, thea AB must be produced on the side of the 
ppint C. ^ Ed. 
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PROPOSITION XII. PROBLEMi 

To draw a straight line perpendicular to a givei^ 
straight line of unlimited lengthy from a given point 
without the line. 

Let AB be a given straight line, which may be produced to 
any length both ways, and let C be a given point without th€ 
line; it is required to draw from C a strai&cht line perpendicu- 
lartoAB. © r r ., 

Take any point D on the 
other side of AB, and from 
the center C, with thte rad- 
ius CD, 'describe the cir- 
cle E6F meeting AB in 
F and G (3 Post); bisect 
FG in H (10. 1.), and 
draw CF^ CH, CO; the 
straight hne CH, drawn 
from the given point C, is 
perpendicular to the given straight line AB. 

Because FH is equal to HG, and HC is common to the 
two triangles FHC, GHC^ and the side CF is equal to CG 
(20 Def); the angle CHF is equal to CHG (8. 1.); and they 
are adjacent angles; therefore each of them is a right ang^e, 
and CH is perpendicular to FG (10 Def.); Therefore from 
the given point C a perpendicular CH has been drawn to the 
given straight line AB. 

PROPOSITION XIII. THEOREM. 

The two angles which one straight line makecr 
with another, on one side of it, are together equal to 
two right angles* 

^ Let the straight fine AB make with CD, on one side of Ct>, 
the angles ABC, ABD; these are together equal to two right 
angles. 
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If the angle ABC be equal to ABD, each of them is a right 
angle (Def. 10.). But, if not, from the point B draw BE at right 
, angles to CD ML I. 1.); then the angles CBE, EBD are two 
right andes. The angle DBA is equal to the two angles DBE, 
EBA. To these equals add the angle CBA, then the two an- 
gles DBA, CBA will be equal to the three angles DBE, EBA, 
ABC. Now DBE is a right angle, and the two angels EBA, 
ABC are together equal to the right angle CBE. Therefore 
the sum of the three angles DBE, EBA, ABC is equal to two 
right angles. Consequently the sum of the two angles DBA, 
CBA is also equal to two right angles. Wherefore, the an- 
gles &c. Q. E. D. Leoekpbe. 

Ofherurise. The construction remaining, the angles CBE, 
EBD are right angles. But the angle ABD is greater than 
EBD by the angle ABE, and the an^e ABC is less than EBC 
by the same angle ABE. Therefore the angles ABD, ABC 
are together equal to the angles CBE, EBD, that is, to two 
right angles. Wherefore, the angles &c. Q. E. D. Ed. - 

Cor. 1. All the angles which any number of straight lines 
isiake with another straight line at the same point, and on the 
same side of the line, are together equal to two right angles. 

For their sum is equal to the sum of the two angles HBA, 
CBA. Ed. 

Cor. 2. If two straight lines cut each other, the four angles 
which they make at the point of intersection are together equal 
lo four right angles. 

For the two angles on each side of AB are 
together equal to two right angles, therefore 
the four andies on both sides of AB are to<- 
gether equal to four right angles. Ed. 

Cor. 3. All the angles made by any number of straight 
lines, which intersect or meet one another in one point, are 
together equal to four right angles. 
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For all the angles made on one 
side of a straight line AB pacing 
through the point ef concourse E of 
any number of straight Ikies, are to- 
gether equal to two right angles, by - 
Cor. 1; therefore all the aneles made ^ 
at the point of concourse of the lines 
on both sides of AB are together e- 
qual to four right angles. Ed 



PROPOSITION XV. THEOREM. 

If two straight lines cut each other, the opposite 
angles will be equal. 

Let the two straight lines AB, CD cut each other in the 
point E; the angle ABC wiU be equal to DEB, and the angle 
CEB to AED. For the ^ ^ 

angles CE A, AED which ^> 
the straight line AE makes 
with CD, are together e- 
qual to two right angles . _ 
fi3. 1.); and the angles'^ 
AED, DEB, which the 
straight line DE makes 
with AB, are together e- 

aual to two right angles; 
lerefore the two angles GEA, AED are together equal to the 
two angles AED, DEB. Take away the common angle AED, 
and tile remaining angles CEA, DEB are equal (3 Ax.). In 
the same maimer it can be demonstrated that the angles CEB, 
AED are equal. Therefor^, if two straight lines &c. Q. E. D. 

Oihehms^. This proposition is obvious, for the straight 
lines AB, CD have the^ same inclination to each other on both 
sides of the point of intefrscction E; therefore the opposite an- 
gles AEC, BED are equal, and alf o the opposite angles CEB, 
AED are equal Q. E. D. Ei^. 
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PROPOSITION XVI. ' THEOREM.* 

If one side of a triangle be produced^ tlie exterior 
angle will be greater than either of the interior and 
opposite — -*-- 




ies. 

Let ABC be a triangle and let one side BC be produced to 
•D; the extewpr angle ACD' is greater <han either of the inte- 
rior opposite angles CBA, BAG. 

Bisect AC in E (10. 1.) ; join 
BE, and produce it to F ; make 
E;F equal to ^B, and join FC. 

Because AE is equal to EC, 
and BE to EFi the two sides 
AE, EBj^ equal to CE, EF, 
each to each; and the angle 
AEB is eaual to the ande CEF 
(1 5. 1 . ) ; therefore the base AB 
is equal to the.bgseCF (4. 1.), 
and the angle ]BAE is equal to 
the angle BCF. But the angle 
ECD- IS greater than the aa- 

fie ECF; therefore .the angle 
5CD, that is, ACD, iargreatet 
than BAC. / , 

If the «ide AC be produced to G, and BC'be bisected, it 
may be djemonstnated in the same manner, that the an^le BCG 
is greater than the angle ABC. But the angle BCG is equal 
to the vertical angle ACD (15. IX Therefore the anele ACD 
is Greater than the angle ABC TherQfore> if one side &e. 
Q.E.D. • . 

PROPOSITION XVlri. THEOREM. 

The greater side of every triangle subtends the 
greater angle, or has the greater angle opposite to it. 

Let ABC be a triangte, of which 
Upside AC is greater than AB; 
the angle ABC is also greater than 
BCA. 

From AC cut off AD equal to AB 
and join BD. .. The exterior angle 
ADB of the triangle BDC is great- g 
erthan the intenor and opposite 

*Tbi8 proposition serves to demonstrate^propoalions 17, l^aiid27> 
but is othervise useless. 




A I 
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angle DCB (16. 1.). But ADB is eaual to ABD (5. 1.), be- 
cause the side AB is equal to AD; therefore the angle ABD 
is also greater than ACB; wherefore much more is tne ansle 
ABC greater than ACB. Therefore, the greater side &c. 
Q. E. 8. 

Cor. Hence, W an.obvious and necessary consequence, the 
greater angle of every triangle is subtenaed by the greater 
side. £i>* 

PROPOSITION XIX- THEOREM. 

The greater angle of every triangle is subtended by 
the greater side, or has the greater side opposite to it, 

Let ABC be a triangle, of which the angle B i» greater thao 
C; the side AC is also greater than AB. 

For If AC be not greater than 
AB, it must either be equal to or 
less than AB. But AC is notcr 

2ual to AB, because then the ande 
\ would be equal to C (5. 1.) j but 
it is not; therefore AC is not equal 
to AB. Nor is AC less than A B, be- 
cause then the ande B would be B 
less than C (18. 1,); but it is not; 

therefore Ac is not less than AB. And it has been shown 
that AC is not equal. to AB; therefore AC is greater than AB. 
Wherefore, the greater angle &c. Q. E. D. * 

PROPOSITION XX. THEOREM. 

Any two sides of a triangle are together greater 
than the third 9ide. 

Let ABC be a triangle; any two sides of it are together 
greater than the thircT side, namely, the sides B A, AC are 
greater than the side BC; and AB, BC greater than AC; and 
BC, CA greater than AB. 

Produce BA to the point D, 
and make AD equal to AC 
(3. I.), and Join DC. 

Because DA is equal to AC, 
tbe angle D is equal to ACD 
l5. 1.). But the angle BCD 
is greater than ACD ; therefore 
BCD is CTcater than ADC; 
tiberefore ttie aide DB is great- 
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er than BC (19. !.)• But DB is equal to BA and AC tog^- 
er; therefore BA and AC together are greater than BC. In 
the same manner it may be proved that the sides AB^ BC 
are together greater than AC; and BC, CA greater than AB. 
Therefore, any two sides &c. Q. E. D, 

Othertmse. Because a straight line is the least distance be- 
tween two points (4 Def.), the straight line BC is less than 
the two straight lines BA, AC together, or BA and AC are 
together greater than BC. Ed. 

PROPOSITION XXII. PROBLEM. 

To construct a triangle of which the sides shall be 
equal to three given straight lines; but any two of 
these lines must be greater than the third (20. I.). 

Let A, B, C ^ the three given straight lines, of which any 
|wo are greater man the third, namely, A and B greater than 
C; A and C greater than B; and B and.C greater than A. It 
is required to make a triangle, of which the sides shall be 
equal to A, B, C, each to each. * 

Take a straight line DE 
unlimited toward D and 
E, and let F be any point 
in it; make UF equal to A 
(3. 1.), FG to B, and GH jj 
to C. Therefore any two 
of the three straight lines 
DF, FG, GH are together 
greater than the third. 
From the centre F at the 
distance FP, describe the 
circle DKL; and from the 
centre G at the distance 
GH, describe another cir- 
cle HLK. ^ 

The circle DLK will cut FH, because FD is less than FG 
and GH, that is, than FH; and the circle HLK will cut GD, 
because GH is less than GF and FD, that is, than GD. The 
two circles DLK, HLK will cut each odier, because their ra- 
dii DF and GH are together greater than FG the distance be- 
tween their centres. Let them intersect each other in K, and 
let KF, KG be joined. The triangle KFG has its sides equal 
to the three straight lines A, B, C. 




H- 
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Because the point F is the centre of the circle DKL, FD is 
equal to FK (20 Def.). But FD is equal to A; therefore FK 
is equal to A. Again because G is the centre of the circle 
LKH, GH is equaSlo GK. But GH is equal to C ; therefore 
GK is ^ual to C. P^oW PG is equal to B. Therefore the three 
lines KF, FG, GK are equal to the three lines A, B, C, each 
to each; therefore the triangle KFG has its three sides KF, 
FG, GK equal to the three given lines A, B, C. Which was 
to be dotie. 

PROPOSITION XXIII. PROBLEM. 

At a given point in a given straight line to make a 
rectilineal angle equal to a given rectilineal angle. 

Let AB be the given straight line, and A the given point in 
it, and DCB the given rectilineal angle; it is required to make 
an angle at the point A, 
in the line AB, which 
shall be equal to the an- 




gle C 

In CD, CE take any 
points D, E, and join DE ; 
make the triangle A.FG, 
the sides of which shall 
be equal to the three lines 
CD, DE, CE (Prop. 22X ^ 
so that CD be equal to AF 
CE to AG, and DE to FG. 
•Because DC, C E are equal 
to FA, AG, each to each, and the base DE to FG, the angle C 
is equal to A (Prop. 8). Therefore at the given point A, in 
the given straight lifae AB, the angle FAG is made equal to the 
given rectilineal angle C. 

SchoKum. If the parts CD, CE betaken equal to each other, 
Ae construction will be more commodious. En. 



PROPOSITION XXVI. THEOREM. 
7%is is Prop. A^ page 25. 
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PROPOSITION XXVII. THEOREM. 

If a straight line intersect two other straight lines 
which are in the same plane, and make the alternate 
angles equal to each other, those two lines are 
parallel. See Appendix to Book 1. 

Let the straight line EF, which intersects the two straight 
lines AB, CD, make the alternate angles AEF, EFD equal to 
each other; AB is parallel to CD. 

For if AB and CD be not parallel, they are inclined tp 
each other^ and, if produced, will meet either toward B, D, 
or toward A, C. Let them be produced and meet toward 
B, D, in the point Cf ; then GEF is a triangle, and its exterior 
angle AEF is greater than the interior and opposite angle 
EFG (Prop. 16?). But 
the angle AEF is also 
equal to EFG, which 
is impossible; ^erefore 
AB and CD being pro- 
duced do not meet to- 
ward B, D. In like 
manner it may be de- 
monstrated that they do 
not meet toward A, C. 
Therefore AB, CD are 
not inclined to each other. Therefore AB is parallel to CD 
(14 Def.). Wherefore, if a straight Une &c. Q. E. D.* 



PROPOSITION XXVIIL THEOREM. 

If a straight line intersect two other straight lines 
which are in the same plane, and make the exterior 
angle equal to the interior and opposite angle on the 
same side of the line, or make the two interior angles 
on the same side together equal to two right angles; 
the two straight lines are parallel. 

Let the straight line EF, which intersects the two straight 
lines AB, CD, make the exterior angle EGB equal to the inte*^ 

* By reason of the false supposxtioiiy and construction of tli« figore, tbis 
demonsintioa is not intcUigiU^ to learners. 
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rior and opposite angle 6HD 
on the same side; or make 
the interior angles BGH, 
GHD on the same Iside, to- 
gether equal to two right an- -^ 
gles; AB is parallel to CD. 

Because the angle £GB is 
equal to GHD, and EGB is 
also equal to the angle AGH p 
(Prop. 15.), the angle AGH^ 
is equal to GHD; and they 
are alternate angles; there- 
fore AB is parallel to CD (Prop. «?.)• 
' Again, the angles BGH, GHD are together equal to two 
right angles (by Hyp.), and AGH, BGH, are together equal to 
two right angles (Prop. 13.) ; therefore the angles AGH, BGH, 
are together equal to the angles BGH, GHD. Jake away the 
common angle BGH, then the remainmg angles AGH, GHD 
are equal; and they are alternate angles; therefore AB is paral- 
lel to CD. Wherefore, if a straight line &c. Q.E.D. 

Cor. Straight lines which are perpendic- 
ular to the same straight line, and in the 
same plane with it, are parallel to one 
another. 

If AB and CD be perp. to EF, the angles 
at E a^nd F will be right angles (10 Def.), 
and therefore equal (11 Def. Cor.); where- 
fore A B is parallel to CD. En. 
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PROPOSITION XXIX. THEOREM. 

If a straight line intersect two parallel straight lines 
it makes the alternate angles equal to each other; and 
the exterior angle equal to the interior and opposite 
angle on the sanie side of it; and likewise the two in- 
terior angles on the same side together equal to two 
right migles. 

Axiom 10. Two straight lines which intersect each other 
cannot be both parallel to the same straight line.* 

Let the. straight line EF intersect the parallel straight lines 
AB, CD; the autemate angles AGH^OHD are equal to each 

* This axiom was omitted in its proper place by mistake* 
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other; and the exterior sftigle EGB is equal to the interior and 
opposite angle GHll on the same side of fi2F; and the two in- 
terior angles BGH, GHD, on the same side, are together equal 
to two right angles. 

If AGH be not equal to GHD, one of them must be great* 
er than the other. Let AGH be the greater, and at the point 
G, in the straight line EF, make me angle KGH equal to 
GHD (Prop. 23.), and produce KG to Lj KL will be parallel to 
CD(Prop.27). ButAB 
is also parallel to TO; 
therefore two straight X _-'— "^^ 

lines AB, KL, which m- a \^ 

tersect each other, are ' '^'"'^ 

parallel to the same line K' 
CD, which is impossi- p 
ble(10Ax.), Therefoiie " 
the angles AGH, GHD 
are not unequal. 

Again, the angle EGB 
is equal to AGH (Prop. 
15.); and AGH is prov- 
ed to be eaual to GRD; 

therefore the angle EGB is likewise equal to GHD, Add to 
each of these the angle BGH, then the angles EGB, BGH are 
together equal to the angles BGH, GHD. But EGB, BGH 
are together equal to two richt angles (Prop. 13); there* 
fore also BGH, GHD are together equal to two rig-ht angle?. 
Wherefore, if a straight line &c. Q. B. D. 

Cor. If a strairfit line BF be perpendicular to one CD of 
two parallel straight lines AB, CD, it is also perpendicular to 
the other AB. 

For the angle AEF is equal to 
EFD, and the angle BEF is equal to 4l 
EFC. But the angles EFD and EFC ' 
are right angles, because EF is perp. _ 
to CD. Therefore AEF and BBF C 
are right angles, therefore BF is per-, 
pendicular to AB. Ed. 

PROPOSITION XXX. THEOREM. 

Straight lines which are parallel to the salme 
straight line are parallel to one another. 



B 
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Let the straight lines AB, CD be pjraUel to EP; AB is also 
parallel to CD. 

Let tiie line GHK cut the straight lines AB, EF. CD. Be- 
cause GHK cutsf the parallel \ 
lines AB, EF, the angle AGH \ 

is equal to GHF (Prop. g9); A \g 

and because GK cuts tfie paral- V ' * 

lel lines EF, CD, the angle \ 

GHF is equal to GKD; there- E \H p 

fore also the angle AGK is e- v 

qual to GKD; and they are al- \ 

temate angles; therefore AB^ \ K * 

is parallel to CD (Prop, 27). ""C V D 

Wherefore straight lines &c. \ 

Vb* '-'• ^^* 

PROPOSITION XXXL PROBLEM. 

To draw a straight line through a given point par- 
allel to a given straight line. 

Let A be the given point, and BC the given straight line; it 
is required to draw a straight 

line through A parallel to BC. ^- ^ 

^ In BC take any point D, and / ^ 

loin AD at the point A, in the s =^--. 

line AD, make the angle DAE " I> C 

equal to ADC (Prop. 23); and produce the line ^A to F. 
Then EF is parallel to BC. 

Because AD meets the two straight lines BC, EF, and makes 
the alternate anries EAD, ADC equal to each other, EF is 
parallel.to BC (Prop. 27). Therefore the line EAF is drawn 
through the given point A parallel to tlie given line BC. 
Wbich was to be done. , ^ 

PROPOSITION XXXIL THEOREM.* 

1. If any side of a rectilineal triangle be produced, 
the exterior angle is equal to the two interior and op- 
posite angles taken together. 

Let ABC be a trianrfe,and let a side BC be produced to D; 
the extCTior angle ACD is equal to the two interior and oppo- 
site angles CAB, AB^ together. 

*£uclid^8 enunciation contains two distinct propositions^ which are 
(Sounciated and demonstrated separately,, as follows. 
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Through the point C 
draw Ck parallel touthe 
side AB (Prop. 31.). 
Because AB is parallel 
to CE, and AC meets 
them, the alternate an- 
gles BAC, ACE are e- 
qual (Prop. 29.) ; and be- 
cause AK is parallel to 

CE, and BD meets them, the eirterior angle £CB is equal to 
the interior and opposite angle B. Hence the whole exterior 
ansle ACD is equal to the two interior and opposite angles A 
and B together. Therefore, if any side &c. Q. E. D. 

Cor. The difference between the exterior angle and either 
of the interior and opposite angles is equal to the other in- 
^rior and opposite angle. 

2, The three angles of every rectilineal triangle are 
together equal to two right angles. 

Let ABC be a triangle; the three angles A, B, C, are tog^^ 
ther equal to two right angles. 

Produce any side BC to D, then the exterior angle ACD Is 
equal to the two interior and opposite angles CAB, ABC, to- 
gether. To these equals add me angle ACB, then the two 
ansles ACD, ACB are togethe/equal to the three angles CB A, 
BAC, ACB. But the angles ACD, ACB are together equal to 
two riffht angles (Prop. 13.); therefore the three anglesCBA, 
BAC, ACB are together equal to two right angles. Wherefore 
the three angles &c. Q. E. D. 

Cfor. 1. If one angle in one triangle be equal to one angle in 
another, the other two angles of the former triangle are tbge* 
ther equal to the other two angles of the latter. Ed. 

Cor. 2. If two angles of one triangle be together equal to 
two angles of another, the third angle of the former triangle ig 
equal to the third angle of the latter {i Ax.). Ed. 

Cor. 3. If one angle in any triangle be either right or obtuse^ 
then each of the ouer two angles jus acute. Ed. 
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Cbr. 4. If one angle in any triangle be a right angle, then 
the other two angles together are equal to a right an^e. Ed. 

Note. Two such angles are called complements of each 
other to a right angle. 

Cor. 5. £ach angle of an equilateral triangle is one third of 
two right angles, or two thirds of one right angle. 

Let A denote each angle, then 3 A a^ 2 right angles, there- 
fore A =B -I of 2 right angles, or f of one right angle. Ed. 

Cor.. 6. In every quadrilateral figure 
the sum of the four angles is equal to 
four right angles. 

For if a line BC l)e drawn between 
two opposite singles of any quadrila- 
teral ngure ACDB, it will divide the 
figure into two triangles ABC, BCD. 
Now the sum of the three angles of each 
triangle is equal to two right angles; ^^ 
therefore all the angles of Soth triangles, which make the 
four angles of the quadrilateral figure, are together equal to 
four right angles. Ed. 

PROPOSITION XXXIII. THEOREM. 

The two straight lines which join the correspond- 
ing extremities of two equal and parallel straight 
lines are also equal and parallel. 

Let AB, CD be two equal 
and parallel lines, and let the 
lines AC, BD join their cor- 
responding extremities; then 
AC, BD are also equal and 
parallel. 

Draw the diagonal BC. Be- 
cause AB is parallel to CD, 
and BC meets them, the alter- 
nate angles ABC, BCD are 

equal (Prop. 29). Because the side AB is equal to CD, and 
BC is common to the two triangles ABC, DCB, and the angle 
ABC is equal to BCD, the base AC is equal to BD (Prop. 4.), 
and the angle ACB to CBD. Because the line BC meets the 
two Imes AC, BD, and makes the alternate angles ACB, CBD 
equal to each other, AC is parallel to BD (Prop. 27.); and AC 
was shown to be equal to BD. Therefore, the two straight 
Imes&c Q. E.D. ^ 
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PROPOSITION XXXIV. THEOREM. 

The two opposite sides of a parallelogram are 
equal to each other, and also the two opposite angles; 
and the diagonal of a parallelogram divides it into 
two equal triangles. 

Let ACDB be a parallelogram, of which BC is a diagonal; 
the opposite sides of the figure are equal to each other, and 
also the opposite angles; and the diagonal BC bisects it 

Because AB is parallel to CD, j^ 
and BQ meets them, the alternate 
angles ABC, BCD are equal to 
each other (Prop. 29); and be- 
ea^use. AC is parallel to BD, and 
BC meets them, the alternate an- 
gles ACB, CBD are equal to each 
other; wherefore the two trian- ^ "O 

gles ABC, CBD have two angles ABC, BC A in one equal to 
two agles BCD, CBD in the other, each to each, therefore 
the remaining angles BAC, BDC are equal (2 Cor. 32.), and 
the whole angles ABD, ACD are equal. Hence the opposite 
angles of a paral. are equal. 

Again, the triangles ABC, BCD are mutually equiangular, 
and the side BC is common to both, therefore they are equsd 
in all respects (A), and the side AB is equal to c5l>, and the 
side AC to BD, and the triangle ABC to BCD. Therefore the 
opposite sides of a paral. are equal, and the diagonal bisects it 
wherefore the opposite sides &c. Q. E. D. 

PROPOSITION B. THEOREM. Ed. 

If the opposite sides of a quadrilateral figure be 
equal, they are also parallel^ diat is, the figure is a 
parallelogram. 

Let ABDC be a quadrilateral figure, having its opposite 
sides equal, namely, AB equal to CD, * « 

and AC equal to BD; the opposite 
sides are parallel. 

Draw the diagonal BC; then, be- 
cause the side AB is equal to VDy and 
the side AC to BD, and the side BC 
is common to the triangles ACB, 

BCD, the angles ABC, BCD are e- 

cmal (Prop. 8.^ and the angles ACB, ^ D 

i BD are eqm But ABC, BCD are ^ti^rnate angles; there- 
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fore AB, CD are parallel (Prob. 27.). Also ACB^CBD are al- 
ternate anflrks; therefore AC, BD are parallel. Hence ABDC 
IS a paraUelogram. Therefore, if the opposite sides &c. 
Q. £. D. 

Cor. If the opposite sides of a quadrilateral figure be equal, 
the opposite angles are also equal. For the figure is a parallet 
egram, therefore the opposite angles are equal. 

PROPOSITION XXXV. THEOREM. 

Parallelograms on the same base^ and between the 
same parallels^ are equal to one another; that is, their 
suriaces ar^ equal. 

Let the parallelograms ABCD, DBCF be on the same base 
BC, and between the same parallels AF, BC; they are equal 
in surface. 

If the sides AD, DF of the 
parallelograms ABCD, DBCF, 
opposite to the base BC^ be ter- 
minated in the same pomt D, it 
is plain that each of the parallel- 
ograms is double of the triangle 
BDC (Prop. 34) ; therefore they 
are equal to each other. 

But, if the sides AD, EF, opposite to the base BC of the 
parallelograms ABCD, EBCF, be not terminated in the same 
point; then, because ABCD is a j^iral. AD is equal to BC 
(Prop. 34). For the same reason BF is eoual to BC. Where- 
fore AD IS equal to EF. From the whole line AF take the 
two equal parts AD, EF, and the remainders DF, AE will 
be equal. 

Now AB is equal to DC; and the exterior angle PDC is 
equal to the interior angle EAB(Prop. 29); wherefore the tri-^ 

ADB FA EDF 

T 





angle E AB is equal to the triangle F DC (Prop. 4). Take the 
triangle FDCfrom the trapezium ABCF> and the paraL ABCD 
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will remain; and take the triangle AEB from the trap. ABCF, 
and the paral. EBCF will remam. Therefore the paral. A BCD 
is equal to £BCF. Therefore, parallelograms &c Q. £. D. 



PROPOSITION XXXVI. THEOREM. 

Parallelograms on equal bases, and between the 
same parallels, are equal to one another. 

Let ABCD, EPGH 

be parals.on equal bases 
flC, FG, and between 
the same parallels AH, 
BG; the paral. ABCD is 
equal to EFGH. 

Join BE, CH. Be- 
cause BO is equal to 
FG, and FG to EH 
(Prop. 34), BC is equal 

to EH. But BC, EH are parallels, and joined at their corres- 
ponding eirtremities by the lines BE, CH; therefore BE, CH 
are equal and parallel (Prop. 33); therefore EBCH is a paral. 
and it is equal to ABCD (Prop. 35). But the paral. EFGH is 
equal to EBCH; therefore also the paral. ABCD is equal to 
EFGH. Wherefore, parallelograms &c. Q. E. D. 

Otherwise. This is an obvious deduction from the last pro* 
position, and needs no formal proof by a figure. 

Suppose the base of one paraL to be applied to the base of 
the other; then the bases will coincide, because they are equal, 
^nd the two parals. will stand on the same base and between 
the same parallels. Therefore they are equal to each other. 
Therefore, parallelograms &c. Q. E. D. En. 



PROPOSITION XXXVII. THEOREM. 

Triangles on the same base, and between the same 
parallels, are equal to one another; that iS| their sur<- 
laces are equal. 

Let the triangles ABC, DBC be on the same base BC, and 
between the same parallels AD,,BC; the triangle ABC is equal 
to DBC. 
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Produce AD both ways 
to the points E,F; through 
B draw BE parallel to CA 
(Prop. 31), and through C 
draw CF parallel to BD; 
then each of the figures 
EBCA, DBCF is a p^iral.f 
and EBCA is equal to 
DBCF (Prop. 35). 

Now the triangle ABC is half of the paral. EBCA (Prop. 34) ; 
and the triangle DBC is half of the paral. DBCF; therefore 
the triangle ABC is equal to DBC (7 Ax.). Whereforie, tri- 
angles &c. Q. E. D. 

Otherwise. This is a cor. to prop. 35. For triangles are 
the halves of parallelograms on the same base and between 
the same parallels (Prop. 34.), and therefore are equal to one 
another. Ed. 

PROPOSITION XXXVIII. THEOREM. 

Triangles on equal bases, and between the same 
parallels, are equal to one another. 

Let the triangles ABC, DEF be on equal bases BC, BF, 
and between the same parallels BF, AD; the triangle ABC is 
equal to DEF. 

Produce AD both ways to the p6ints G,H; through B draw 
BG parallel to CA (Prop. 31), and throughF draw FH parallel 




to ED; then the figures GBC A, DEFH are parallelograms; and 
Aey are equal (Prop. 36). 

Now the triangle ABC is half of the paral. GBC A (Prop. 34), 
and the triande DEF is half of the paral. BEFH; therefore 
the triangle ABC is equal to DBF (7 Ax.). Wherefore, tri- 
angles &t. Q.E.D.^ 

Otherwise. This is a cor. to prop. 36. For they are the 
halves of parals. on equal bases and between the same par- 
allels, aad therefore are equal. Ed. 
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PROPOSITION XLI. THEOREM. 

If a parallelogram and a triangle be on the same 
base, and between the same parallels, the parallel* 
ogram^is double of the triangle. 

Let th^ paral. ABCD and the 
triangle EBC be on the same base 
BVy and between the same parallels 
BC, AE; the paral. ABCO is dou- 
ble of the triangle EBC. 

Join AC; then the triangle ABC 
iseaualtoEBC(Prop.37). But the 
panu. ABCD is double of the tri- 
angle ABC (Prop. 34); wherefore _ 
ABCD is also double of the tri- B 
angle EBC. Therefore, if a parallelogram &c. 

Cob. If a parallelogram and a triangle be between the same 
parallels, and if the base of the paral. be half the base of the 
triangle, the paral. will be equal to the triangle. 

For if a paral. were described on half the base BC, and be* 
tween the parallels BC, AE, it is evident that it would be 
equal to half the paral. ABCD, tod therefore equal to the tri- 
angle EBC on double the base. Eik 

PROPOSITION XLIIL THEOREM. 

The complements of the two parallelograms which 
are about the diagonal of iiny parallelogram are equal 
to each other. 

Let ABCD be a paral. of which the diagonal is AC; let EH, 
FO be the parals. about AC, tha is, through whieh AC passes; 
and let BK, KD be the other ^ 

paials. which complete the ^ H '^^ 

whole figure ABCD, and are '^ ^~" 
therefore called the comple- 
ments. The complements BK, 
KD are equal. 

Because ABCD, AEKH. 
KOCF are parallelograms, and 
AC is their common dia^nal, 
the triangle ABC is equal to 
ADC (Prop. 34), and the tri- 
angle AEK to AHK, and the triangle KGC to KFC; there- 
fore the complements BK, KD are equal (3 Ax.). Therefore, 
the complements &c. Q. £. D. En. 

£1 
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PROPOSITION XLVL PROBLEM. 
To describe a square on a givep straight line. 

Let AB be the given straight line on which it is required to 
describe a square. 

From the point A draw AC perp. to AB, and make AD 
equa) tQ AB; through D draw DB parallel to AB (Prop, 31), 
and through B draw BE parallel to AD; then ADER is a 
square described on AB. For A DEB is a paraL, therefore AB 
is equal to DE (Prop. 34), and AD to BE. But BA is equal 
to AD; therefore the four lines BA, _ 
AD, DE, EB, are equal to one ano- 
ther, and thj5 parsj. ADEB is equila- 
teral. ■ • 

The line AD meeting the parallels D [-^ ]E 

AB, DE, makes the angles BAD, 
AD E equal to two right angles (Prop. 
29). But BAD is a right ancle; 
therefore AD E is a right angle. Now 
the angle B i$ equal to its oppo- 
site angle D, and the angle E to A j^l — IB 

(Prop. 34); therefore each of the 
angles B, E is a right angle; where- 
fore the figure ADEB is rectangular. But it is equilateral; 
therefore it is a square; and it is described on the given straight 
line AB. Which was to be done. 

Cor. a parallelogram having one angle right, and two ad- 
jacent sid^.equal, is a square. 



PROPOSITION XLVII. THEOREM. 
See Prop. B, Book II. 

FRoposrriONc. theorem. 



Eo. 



If stndght lines be drawn firom the same point to 
meelagiven straight line, the perpendicular is the 
least, and any line which is nearer the perpendicular 
than another is less thm the other, 
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Let A be any point, and 
KF a given straight line; 
and let AB, AC, AD be 
straight lines drawn from A 
to meet EF. 

Let AB be peip. to EF; 
AB is less than AC, and AC 
is less than AD. For since 
B is a right anrle, ACB is 
an acute angle ^3 Cor. 32), B 
therefore the side AC is 
greater than AB (Prop. 19). 

Again, because ACB is an acute angle, ACD is obtuse (Pro|k 
13), therefore the angle ADC is acute> therefore the siae AU 
is greater than AC, and still greater Uian AB. Therefore, if 
straight lines &c. Q. E. D. . 

Cor. The distance between a point and a straight line is the 
perpendicular drawn from the point to the line. 

Scholium* The term distance signifies the shortest inter- 
val between two points; therefore the distance between two 
points is the straignt line which joins them. 

PROPOSITION D. THEOREM. Ed. 

If the sides of one angle be parallel to the sides of 
another angle, each to each, and be directed the same 
way, the angles are equal to each other. 

Let the sides AC, AB of the angle BAC be parallel to thft 
sides E D, B P of the angle DBF, each to each; the angle BAC 
is equal to the angle DBF. 

B F ^^ 

.B 




Produce FE to meet AC in O (in the &*8t figure), then, be- 
cause BA is parallel to F6, the anele BAC is equal to FUC; 
and because AC is parallel to ED, Oie angle FED is equal to 
FQC; tbereibre the angle BAC is equal to FED. 



Digitized by VjOOQ iC 



52 £LAH£lfTS or 

Again fin the second figure), because AC is parallel to ED, 
the angle BAG is equal to the alternate anele AGE (Prop. 29); 
and because AB is parallel to £F, the angle FED is equal to 
AGE; therefore the ande BAG is equal to FED. Therefore, 
if the sides &c Q.E.D. 

PROPOSITION E. THEOREM. Ed. 

If two parallelograms have one angle in one paral- 
lelogram equal to one angle in the other, the remain- 
ing angles of the former are equal to the remaining 
corresponding angles of the latter. 

Let ABCD, EFOH be two parallelograms, which have the 
angles at A and E equal; the other angles of the former paral. 
are equal to the otiier angles of the latter, each to each, name- 
Iv, the angle B is equal to F, the angle G to G, and the angle 
D to H. 



H 



□ 



B C ' ^ 

, For in the paral. ABCD the two angles A and B are toge- 
ther equal to two right angles (Prop. 29); and in the paral. 
EFGH the two angles B and F are together equal to two rirfit 
angles. Therefore the angles A and B are together equal to 
the angles E and F. Therefore if from these equals the equal 
angles \ and E be taken^ the remaining angles B and F will 
be equal. 

Again, in the paral. ABGD the opposite angles A and C 
are equal (Prop. 34), and in the paral. EFGH thet)pposite 
angles E and G are equal. But the angles A and E are equal, 
therefore the angles G and G are equaK In like same manner 
it may be proved Aat the angle D, to which B is oj^site, is 
equal to the angle H, to which F is opposite. Therefore^ if 
two parallelograms &c. Q. E. D. 
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PROPOSITION P. THEOREM. Ed. 

If two paraUelograms have two adjacent sides of 
one equal to two adjacent sides of the other, each tO'* 
each ; aiid have also the angles contained by those 
aides equal to each other; the paraUelograms will be 
equal in all respects. 





Let ABCD, EFGH be two parallelograms, which have the 
two sides 4 B, AD equal to the two sides EF, EH, each to each, 
9nd the angle A equal to E; the parallelograms are equal, and 
the other corresponding sides are equal, and the other corres- 
ponding angles are equd. 

Draw the diagonals BD, PH, then the triangle ABD is equal 
to BCD (Prop. 34), and the triangle EFH is equal to PGH. 
But the tnanele ABD is equal to BFH (Prop. 4), therefore the 
triangle BCD is equal to F6H. ConsequenUy the paral. 
ABCD is equal to EFGH. 

Again, the side AB is equal to DC, and the side AD is equal 
to BC (Prop. 34); also the side EF is equal to HG, and the 
side EH is equal to FG. But the sid^ AB is equal to EF, and 
the side AD is equal to EH. Consequently the side DC is 
equal to HG, and the side BC is eqiial to FG. 

Lastly, the angle A is equal to C, and the angle E is equal to 
O. But the an^e A is equal to £, therefore the anrie C is 
equal to G. Consequently the two angles ABC, \DC are to- 
gether equal to the two angles EFG, BHG together (6 Cor. 
32). Hence &ode four angles are equal to one another 
Therefore, if two parallelograms &c. Q. E. D. 

Cor. 1. Two rectangles contained by equal straight lines are 
equal to each other. 

Cob. 2. Squares which stand on equal straight lines are equal 
to one another. 
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PROPOSITION G. THEOREM. 



Eih 



A straight line passing through the middle of the 
diagoi al oi a parallelogram divides the parallelogram 
into two equal parts. 

Let ABDC be a paraL, 
AD a diagonal, and £F a 
line passing trough its 
middle Ci; the figure 
ABFE is equal to EFDC. 

For tfie triandes AKD, 
ACD are equaly and the 
triangles A£G, DOF are 
equiangular, ahd have the 
sides AG,DO equals there- 
fore they are equal (Prop. 
A). Conseq. if they be 

taKen from the triangles ABD, ACD, the remainders ABFG, 
CDGE will be equaJ. Hence it is evident that ABFG and 
AGFi are together equal to CDGE and DGF together, or 
ABFE,CDFE. Therefore, a straight line &c. Q. £• D. 

Cor. Any straight line EF drawn through the middle of the 
diagonal of a parsSlelogram is bisected by me diagonal. 




PROPOSITION H. THEOREM. 



Eo. 



If two sides of a triangle be bisected, the straight 
line which joins the. points of section will be parallel 
to the third side, and equal to half of it. 

Let the sides AB, 
AC of the triangle 
ABC be bisected in 
the points D, E; the 
straidit line DE join- 
ing uose points will 
be parallel to BC,and 
equal to half of BC. 

In DE produced 
take EF equal to DE, 

and join CF. Because ^ 

the side DE is equal to EF,and AE equal to EC, and the angle 





lei to FCr 
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Because BD or AD and OF are equal and parallel, the 
straight lines BC, DF joining their extremes are also equal 
and parallel (Prop. 33). But OF is double of DE, therefor^ 
BC 18 double of DB. Therefore, if two sides &c. Q. E. D, 

PROPOSITION I. THEOREM. Ed. 

'The diagonals of any parallelogram bisect each 
other, and divide the parallelogram into four equal 
triangles: 

1. Let A BCD be any parallelogram, of which the diagonals 
are AC and BD; they will bisect each other. 

Let Ac, BD intersect 
each other in E; then, A ^ 

in the triangles ADE, ^^ "^ 

BCE, the vertical angles 
at E are eaual (Prop. 15), 
and the alternate angles 
EAD, ECB are equal 
(Prop. 29), and the alter- 
nate angles EDA, EBC 
are eaud, and the sides AD, BC are equal (Prop. 34); there* 
fore the other sides which are opposite to equal angles are also 
equal (Prop. A), namely, AE to EC, and DE to EB. There- 
fore the diagonals AC, BD bisect each other in £. 

2. The diagonals AC, BD divide the parallelogram into four 
equal triangles. 

For the triangles ABE, ADE being on equal bases BE, ED 
(by case 1), and between the same parallels, are equal; and the 
tnangles ADE, CDE being oa equal bases AE,EC, and be- 
tween the same parallels, are equal; and the triangles CDE, 
CBE being on equal bases DE, EB, and between the same 
parallels, are equal. Consequendy the four triangles ABE, 
AlDE, CDE, CBE, are equal to one another. Therefore, the 
diagonals &c. Q. E. D. 

PROPOSITION K. THEOREM, Ed. 

The diagmials of a square bisect each other, and 
divide the square into four right angled triangles 
ivhich are equal in all respects. 
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the four triangles ABK, ADE, CBE. ' 

CDE, are right angled, and are equal 
m all respects. 

For the diagonala AC, BD bisect 
each other (Prop. I.), and divide the 
square into four triangles which are 
mutually equilateral, and therefore 
are equal in all respects, therefore the 
angles at E are right angled. There- 
fore, the diagonals &c. Q. E. D. 

PROPOSITION L. THEOREM. 
All the interior angles of any rectilineal figure arc 
together equal to twice as many right angles as the 
figure has sides, wanting fqur right angles. 
D 






Let ABCDE be any rectilineal figure; all its interior an- 
gles A, B, C, D, E, are together equal to twice as many right 
angles, wanting four, as the figure has sides. 

For any rectilineal figure ABCDE can be divided into as 
many triangles as it has sides^ by drawing lines from a point 
F within the figure to each of its angles; and the three angles 
of each triangle are together equal to two right angles (Prop. 
32), therefore all the angles of these triangles are equal to twice 
as many right angles as there are triangles, that is, as there are 
sides ot the figure. But the same angles are equal to the ang^les 
of the figure, together with the angles at the point F, which 
is the common vertex of the triangles, that is, together with 
faur right angles (3 Cor. 13). Therefore, twice as many right 
angles as the figure has sides are equal to all the angles of the 
figure, together with four right angles: that is, the angles of 
the figure are equal to twice as many right angl^ as the figure 
has sides, wanting four. Therefore, all the interior angles &c. 
Q.E.D. 
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Gob. All the interior angles of any quadrilateral figure are 
together equal fb four right angles. 
Scholium. Let n denote the number of the sides of a poly- 

Son, s the sum of all the interior angles, and r a right angle; 
len the proposition will be expressed by this theorem, *=2r 
X w— 4r, by means of which the sum of all the interior angles 
of any convex polygon may be found. Thus, if the figure be 
quadrilateral, then n^Aj and * » 2r x n — 4r «= 8r — 4r » 
4r, that is, four right angles, which answers to 6 Cor. 32. If n 
» 5^ thenar xn — 4r= lOr — 4ra=6r. 

Ii the figure proposed be an equiangular polygon, or have 
all its angles equal, the quantitjr ol each anele may be found by 
this formula. Suppose an equiangular polygon of six sides, 
then 2r x n — 4r « 12r — 4r «= 8r, therefore |r = |ras | x 
90 as 4 X 30 = 120, that is, each of the angles of a regular 
hexagon is 120 degrees. Let the figure be a regular octagon, 
then 2rx n — 4r=12r, therefore V*^«B|r«« | x 90 — 3 x 
45 SB 135 degrees. 

Let ^ =s 2r X n — 4r « (2n — 4) x r « (n:— 2) x ^r^ that is, all 
the interior angles of any convex rectilineej figure are tpgellier 
equal to twice as many right angles as the figure has sides less 
two sides. ' Eb. 

PROPOSITION M. THEOREM. 

All the exterior angles of any convex rectilineal fi- 
gure, made by producing all the sides outward in the 
same direction, are togeidher equal to four right angles. 

Let A, B, C, &c. be the exterior angles of any rectilineal 
figure, made by producing its sides; the exterior angles A, B, 
C, &C. are together equal to four right angles. 

Because every interior angle ABC of the figure, with its 
adjacent exterior angle 
ARO, ar^equal to two 
right angles (Prop. 13); 
and because there are as 
many exterior or inte- 
rior aiu^ks as the fi^re 
has aides; all the inte- 
rior together with all the 
exterior angles of the 
figure are eaual to twice 
as many rignt angles as 
there are sides of the 
figure. But all the in- 
terior angles together 
with four right angles 
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are equal to twice as many right angles as there are sides of the 
figure (Prop. L). Therefore all the interior and all the ex- 
terior angles are together equal to all the interior angles^ toge- 
ther with four right angles. From these equals take away all 
the interior angles, and all the exterior angles will be equal 
to four right.angles. Therefore, all the exterior &c. Q. E. D« 

Scholium. The proi)ositions in this Book are not arranged 
in the order of the subjects, but in such order as to enable the 
Author to demonstrate certain propositions by means of others 
which are placed before them. In the following abistract they 
are disposed according to the nature of the subjects, and sucn 
theorems as are of little or no use are omitted. En. 



THE PRINCIPAL THEOREMS IN BOOK I. 

Properties of Straight Lines and Angles: 

If one straight linie meet another, the sum of the 
two adjacent angles is equal to two right angles. 

If any number of straight lines intersect or meet one 
another in the same point, the sum of all the angles 
about that point is equal to four right angles. 

If two straight lines intersect each other, the verti- 
cal angles are equal* 

Properties of Parallel Lines* 

If a straight line intersect two straight lines, and 
make the alternate angles equal, or the exterior aiigle 
equul to the interior and opposite angle on the same 
side of the cutting line, or the sum ol the two interior 
angles on the same side equal to two right angles, then 
those two lines are parallel. 

.A straight line intersecting two parallel straight lines 
makes the alternate angles equal, and the exterior an- 
gle equal to the interior and opposite angle on the same 
side of the cutting line, and the sum of the two inte- 
rior angles on the same side equal to two right angles.. 
Straight lines which are parallel to the same straight 
line are parallel to one another. 
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Muttial Equality of Triangles. 

When the three sides of one triangle are respec- 
lively equal to the three sides of another, the angles 
opposite to equal sides are also equal, and the trian- 
gles are equal. 

When two triangles are mutually equiangular, and 
have two corresponding sides equal, the other corres- 
ponding sides (or the sides opposite to equal angles in 
each triangle) will be equal. 

When two sides and the included angle of one tri- 
angle are respectively equal to two sides and the in- 
eluded angle of another, then the third sides are equal^ 
and the angles opposite to equal sides are also equals 

Properties of Triangles. 

* In every triangle the greater of any two sides sub- 
tends the greater angle; and, conversely, the greater 
of any two angles is subtended by the greater side. 

The sum of any two sides of a triangle is greater 
than the third side. 

If one side of any triangle be produced, the external 
angle is equal to both the internal and opposite angles. 

The sum of the three angles of every triangle is 
equal to two right angles. 

If two angles of one triangle be together equal to 
two angles of another, the third angle of the former 
triangle is equal to the third angle of the latter. 

If one angle of any triangle be a right angle, the sum 
of the other two angles is equal to a right angle. 

If one angle of any triangle be either right or obtuse, 
each of tht other two angles is acute. 

Triangles on the same base, or on equal bases, and 
between the same parallels, are equal. 

If two sides of a triangle be equal, the opposite an* 
gles are equal ; and if two angles of a triangle be equal, 
the opposite sides are equal. 
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Properties of Parallelograms. 

Straight lines which join the corresponding extre- 
mities of two equal and parallel straight lines are also 
equal and parallel; that is, those four lines make a pa- 
rallelogram. 

The opposite sides of a parallelogram are equal, and 
also the opposite angles. 

The diagonal of a parallelogram divides it into two 
equal triangles. 

If the -opposite sides of a quadrilateral figure be 
equal, they are also parallel; and if the opposite an- 
gles of a quadrilateral figure be equal, the opposite 
sides are parallel ; that is, in both cases the figure is 
a parallelogram. . 

The diagonals of any parallelogram bisect each 
other. 

Parallelograms on the same base, or on equal bases,* 
and between the same parallels, are equal. 

If a parallelogram and a triangle stand on the same 
base and between the same parallels, the parallelogram 
is double of the triangle. 

The complements of the two parallelograms which 
are about the diagonal of any parallelogram are equal 
to each other. 

General Properties of Rectilinear Figures. 

The sum of all the internal angles of any rectilinear 
figure is equal to twice as many right angles, except 
four, as the figure has sides. 

If all the sides of any rectilinear figure be produced 
outward, the sum of all the external angles is equal to 
four right angles. 

The sum of the four angles of every quadrilateral 
figure is equal to four right angles. 
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The demonstrations of the properties of parallel 
lines are seldom understood by learners. Indeed the 
subject of parallel lines is allowed to be one of the 
most difficult in the elements of geometry^ and has 
exercised the ingenuity of many modem geometerst 
who have not been able to remove all the difficulties 
without impairing the rigour of geometncal demon- 
'stration. Some have attempted to give more simple 
demonstrations than those of *Euclid, by means of 
hew axioms, and others by means of a number of 
auxiliary propositions. 

The following method of demonstrating the pro- 
perties of parallel lines is plain and intelligible to 
youth, and appears to be legitimate. The definition 
of parallel lineswhich is here adopted has been pro- 
posed by some skUful mathematicians^ and seems to 
be unexceptionable. 

Definition. Parallel lines are such as lie in the same 
plane, and have no inclination to one another ; that is, 
if produced to any length both ways they neither ap- 
proach to nor recede from one another. 

Cor. 1. Hence parallel 
lines are equidistant 

Cor. 2. Hence a straight 
line EP intersecting two 
parallel straight lines AB, 
CD, has the same inclina- 
tion to both, that is, it 
makes the external angle 
EGB equal to the internal 
angle EHD on the same 
side of it 
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If EF be perp. to one AB, it will be perp. to the other CD; 
if it cross one obliquely, it will also cross the other with the 
same obliquity. 

• 

PROPOSITION J. THEOREM. 

A straight line intersecting two parallel straight 
lines makes the alternate angles equal, and the two 
interior angles on the same side of it together equal 
to two right angles. — See figure on next page. 

Let the straight line EP intersect the two parallel straight 
lines AB, ('D; the alternate andes AOH, 6HD are equal, and 
the angles BGH, GHC are equS; and the two interior angles 
B* 1 H, (iH n, on the same side of EF, are together equal to two 
right angles. 

Since AB, CD are parallel, EF has the same inclination to 
each of them, or the angles EGB, EHD are equal (2 Cor. Def.) ; 
and because the two fines AB, EF intersect each other, the 
vertical angles AGH, EGB are equal (Prop. 15); consequent- 
ly the angle AGH is equal to GUD. in like manner the angle 
BGH is equal to GHC. 

Again, the angles BGE, BGH are together equal to two 
right angles (Prop. 13), and the angle BGR is equal to GHD; 
therefore the angles BGH, GHH are together equal to two 
right angles. Therefore a straight line &c. Q. E. D, 

Cor. If a straight line EF be 
perpendicular to one AB of 
two parallel straight lines AB, 
CD, it is also perpendicular to 
the other CD. 

For the angle AEF is equal 
to the alternate angle EFD. 
JBut APiF is a right angle, 
therefore EFD is a right an- 
;le, therefore EF is perp. to 

PROPOSITION 11. THEOREM. 
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If a straight line intersect two other straight lines, 
and make the ahemate angles equal to each other, or 
make the two mtemal angles, on the same side of it, 
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together equal to two right angles; then those two 
lines are parallel to each other. 

Let a straight line EF intersect two other straight lines AB, 
CD, and make the alternate angles equal, AOBsGHD, and 

bghJghc ' — ' 

same side 
rallel to CD. 



[C; or make the internal angles BGH. GIlD,on the 
of it, together equal to two right angles; AB is pt- 




For since the anjle 
BG£ is ec^ual to AGH 
(Prop. 15), it is also equal 
to the angle GHD; there- 
fore AB is parallel to CD 
(2 Cor. Def.). 

A^n, because the an- 
cles BGH, GHD are toge^ 
uier equal to two right an« 
gles,and the angles BGH, 
SGE are togemer equal 
to two right angles (Prop. 13); the angle BGB is equal to 
GHD; therefore AB is pandlel to CD. Therefore, if a straight 
line &c. Q. £. D. 

Otherwise. For if they were not parallel the alternate an« 
gles would not be equal, nor the two internal angles on the 
same side together equal to two right angles. 

Cor. Two straight lines AB, CD, which are perpendicular 
to the same straight line EF, are parallel to eacn other. — See 
the second figure. \ 

For the angles AEF, EFD are equal, because they are right 
angles. But they are alternate angles, therefore AB is paral- 
lel to CD. 

PROPOSITION HL THEOREM. 

Straight lines which are parallel to the same straight 
line are parallel to one another. 

Let two straight lines AB, CD be parallel to the same 
straight liAO £F; they are parallel to each other. 
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Draw GK intersecting the 
three straight lines VB, Kt*, 
CI); then the angle AGH is 
equal to the alternate angle 
GHF (Prop. 1 s and the an- 
gle HKD 18 equal to GHF 
(2 Cor. Def.); therefore the 
angle AGH is equal to the 
alternate angle HKD, 
therefore AB is parallel 
to CD (Prop. 2). Therefore \ 

straight lines &c Q. E. D. \ 

Bezout, an eminent mathematician, calls 2 Cor. Def. a pro- 
position, and demonstrates it as follows. 

PROPOSITION IV. THEOREM. 

If a straight line intersect two parallel straight lines, 
the angles which it makes with them on the same 
side, are equal to each oXhcr.^^See Jigure^ Prop. 2. 

Let £F intersect the parallel lines AB, CD; the angles 
BGE, DHE, or the angles AGH, CHF, which it makes with 
them, on the same side, are equaJ. 

For the parallels AB, CD, having no inclination to each 
other, must be equally inclined, on the same side, to every line 
with which they are compared. 



XND OF BOOK X. 



Digitized by VjOOQ iC 



£LEMBNTS OF GEOMETRY. 
BOOK II. 



Definitions and Preliminary Observations. 

L Every right angled parallelogram, or rectangky is said te 
be contained bv any two of the straight lines which are about 
one of the right angles. Thus, the right angled mrallelogram 
AC is called the rectangle contained by AD and DC, or by AO 
andAB, &c. . ^ 

For the sake of brevity, instead of • D 

the rectanfk contained by AD and DC, 
we shall simply say the rectangle AD, 
DC, placing a point between me two 
sides of the rectangle. Instead of the 
square of a line, as AD, we may write 
AD«. 




(AD + DC): (AD — DC), or AD + DC. AD — DP, sij 

nines the rectangle contained by the sum and difference of ' 
and DC. 



II. In every parallelogram either of the two parallelograms 



about a diameter, together 
with the two complements, 
are called a gnomon. Thus, 
tibe parallelogram HG, toge- 
ther with the complements 
AP, FC, are the gnomon of 
the parallelogram AC. This 
gnojnon may also, for the sake 
of brevity, be called the gno- 
mon AGK, or £HC. 



All lines are measured by other lines. A certain line, arbitra* 
rily assumed, is called unity; and the length of every other 
line is represented by the number of lines ^led units, which 
are contamed in that line. Thus, if a line of one inch in length 
be called unity, the length of any other line as a cubit, is mea- 
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snred by the number of units or inches which it contains. Ii 
the cubit contains 21 lines, each an inch long, then the cubit 
is 21 indies long; or, more properly, the ratio of the line call- 
ed a cubit to the line called an inch, is that of the number 21 to 
the number 1. In this manner lines are compared with lines. 
But lines cannot be compared with surfaces, nor with solids; 
because a line, a surface, and a solid are magnitudes of different 
kinds, and therefore cannot be compared together. — Lublam. 

Surfaces are compared with, and ire measured by other sur- 
faces. If the length and breadth of a rectangle ABCD be each 
divided into inches, and if lines be 
drawti through all tne points of divi- 
sion parallel to the siaes of the rec^ 
tansle, the surface of the rectangle 
will be divided into squares, whose 
sides will be one inch in lengdi. 
The surface of the whole figure will 
be measured by the number of the 
squares (called square inches, or su- 

Sirficial inches) which it contains* 
ow the number of square inches in the surface will be found 
by multiplying the number of linear inches contained in one 
. side of the reclangle by the number of linear inches contained 
in the other side. For there will be as many square inches in 
each row of squares as there are linear inches in one side of the 
rectangle, and as many such rows of squares as there are linear 
inches in the other side. This is manifest by inspection of 
the figure. Suppose the length of such a rectangle to be 4 in- 
ches and the breadth 3; then the whole surface contains 12 
square inches; that is, the whole surface of this rectangle is to 
the surface of a square whose side is one inch, in the ratio of 
the number 12 to the number 1. In this manner are surfaces 
compared with surfaces; but they cannot be compared with 
lines nor solids. 14UJ>i.am. 

Hence we can find the area of any parallelogram, or of any 
plane triangle. All parallelograms on the same base and be- 
tween the same parallels are equal (35. 1.), whether they be 
right or oblique angled. Let a and b denote the number of 
feet (or anv other linear measure) in the base and altitude of 
any parallelogram, then will a x b denote the number of 
smiare feet in its surface. Again, a triangle is hdf c£ a paral- 
IeK^;ram on the same base and between the same parallek 
(41. 1.), and all triangles on the same base and between the 
same parallels are equal (37. 1.); consequently iab will de- 
mote the number of square feet in any plane triangle. Henee 
the surface of any parallelogram is represented by the product 
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of the linear tmits in the base and altitude; and the sur&ce of 
any plan6 triangle by half the same product 

' Cor. If a «3 A , then AB ^ BC, and the rectangle becomes a 
square. In this case n x 6» a x «, or a*. Therefore the sup» 
face of a square is expressed by the second poMrer of the num* 
ber denoting its side. Ed. 

Hence it follows that such rectangles will be represented by 
the product of the. multiplication of the number ot lines, called 
units, in one side, by the number of lines, called units, in the 
other side. That is, whatever ratio any two rectangles have 
to each other, the same will be the ratio of the two products of 
the multiplication of the number of lines, called uaits, in their 
sides respectively* Hence rectangles in geometry and pro* 
ducts in arithmetic are often put for each other, ana the terms 
are applied promiscuously, though improperly. Consequently, 
what IS proved concerning the equality of certain rectangles m 
the second book, will also be true of the products of the mul* 
tiplication of the number of lines, called units, in their bases 
and altitudes. Hence, if the number of lines, called units, in 
the side of a rectangle, or the different parts into which the 
side is divided, be represented algebraically by letters, most of 
the propositions in tne second book may be concisely and ea- 
sily demonstrated by the rules of algebra. In the following 
propositions the letters a, i,ar, &c. may represent any numbers 
whatever, as well as lines. Ludlam. 

PROPOSITION A. THEOREM. Eb. 

Of any two unequal magnitudes, or quantities;, if 
the sum aiid difterence be added together, half the ag- 
gregate will be the greater quantity ; and if the differ- 
ence be subtracted from the sum, half the remainder 
will be the less quantity. 

Let AD, DB be two unequal 
magnitudes; the greater mag- ^ 12 a a n 

nitude AD is equal to half the A ^ ? ^7 ^B 

a^regate of AD + DB and 

AD — DB ; and the less ma^itude DB is equal to half Ae 

remainder of (AD + DB) — (AD — UB) . 

Let AD, DB be placed in the same straiffht line AB. Bisect 
AB in 0, then AO is the semi-sum of AD and DB, Make 
AFi s BD , then DB is the difference of AD, DB, and OE «» 
OD is the semi-difference of AD, DB. Now AO + OD ». 
AD, the greater magnitude, and AO ~ OD = BO — OD » 
DB,thele^. ButAO + OP-4 AB + JDJB « J (AB + DB) 
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(Propor. 23% and AG — OD — i AB » § DB «. 

I (AB — DE) . Therefore, of any two &c. Q. E. D, 

Cor. 1. If the semi-sum of two magnitudes be subtracted 
from the greater magnitude,*the remainder is the semi-differ- 
ence. ForAD — AU«OD. 

Cor. 2. The distance of the point of section from the middle 
of the line is equal to half the difference of the two segments. 
For DO. IDE « i(AD— I>B) . 

Cor. S. The greater segment is equal to the sum of half the 
line and the distance of the point of section from the middle of 
the line, and the less segment is equal to the difference be- 
tween half the line and the distance of the point of section 
from the middle of the line. For AD .=» AG + GD, and BD 
«B0 — GD. 

Jllf^ebraicaliy. Let s denote the sum of an^ two unequal 
magnitudes or quantities, x the greater quantity, i/ the less, 
andrf their difference; then will a? + y = «, and x — y »A 
Add the two equations together, then 2x ^s + d^.^.x ^ 
i (s + d)y which is the first part of the prop. ^ 

Again, subtract the second eauation from the first, then 
2]/^s — dy.**y^i {s — rf),. which is the second part 

PROPOSITION I. THEOREM. 

If there be two straight lines, one of which is divid- 
ed into any number of pans, the rectangle contained 
by the two lines is equal to the sum of the rectangles 
contained by ^the whole line and the several parts of 
the divided line. 

Let A and BC be two straight lines, and let BC be divided 
into any parts in the points D, E ; the rectangle A.BC is equal 
to the sum of the several rectangles A.BD. A.DE, A.EC, or 
A.BC » A.Bp + A.DE + A.EC. 

From B araw BF perp. to 
BC, and make BG equal to A; 
ihrou{^ O draw GH parallel to 
BC (31, 1), and through D.E, 
C draw DK, EL, CH parallel 
toBG; then BH,BR,DL,and 
BH are rectangles, and BH » 
BK + DL + EH. 

But BH » BG.BC « A.BC, 
because B« « A; and BK » 
B03D»A.Bi); and DL« 
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DK.DE «= A.DE, because DK «« BG =r A (S4. 1). In Uke 
manner EH » A.EC. Therefore A.BC « A.BD. + A.DE + 
A.KC. Therefore, if there be two &c. Q» E. D.' 

•Algebraically, Let s dehot^e the whole line EC, and a^bjCj 
the several parts BD, DE, BC^ then * =» o + 6 + c. Let x 
denote the line A. Multiply the equation by x, then^xos 
ax'^bx + ex, which is the prop. 

PROPOSITION IL THEOREM- 

If a straight line be divided into any two part&, the 
sum of the rectangles contained by the whole line and 
each of the parts is equal to the square of the whole 
line, ^ 

Let the line AB be divided into any two parts in the point 
C; the sum of the rectangles AB.BG 
and AB.AC is equal to ]the square of 
AB, or ABAC + AB.BC « AB*, 

On AB describe the square AB (46. 1), 
and through C draw CF parallel to BE 
(31. 1); then AF+ CEs AB. But AF 
» A D.AC » AB.AC^ because \D ^ 
AB; and CE »BB.BC » AB.BC; and 
AB«AB«. Therefore AB.AC+AB.BC 
aa AB*. Therefore, it a straight line 
&c. Q. E. D. 

Mgebraically. Lei s denote the whole line, and a and b the 
two parts f then a + b^s. Multiply this equation by *, then 
as + bs» ssj which is the prop. 

Scholium. This prop, is a particular case of the first; for if 
s be divided into the parts a and A, and x be equal to s, thien 
sxesiax+ bx becomes ss^as + bs. 

PROPOSITION IIL THEOREM. 

If a straight line bfe divided into any two parts, 
the rectangle contained by the whole line and one of 
the parts is equal to the square of that part together 
with the rectangle contained by the two parts. 

Let the line AB be divided into two parts in the point C; 
the rectangle AB.BC is equal to the square of BC together 
with the rectangle AC.BC, or Aft,BC == BC« + AC.CB. 
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On BC describe the square 
GE (46. 1); produce £D toF, 
and through A draw AF pual- 
lei to CD (31.1); then AE :^ 
AD + CE. But AE-AB.be 
S3 AB.BC, because BE ta BC; 
and AD « AC.CD = AC.CB; 
and CE « BC^ Therefore 
AB.BC «= BC« + AC.CB. 
Therefore, if a straight line 
&c Q.E.D. 

JilgehraicalW, Let« denote the whole line, and a and b 
the two parts; tnen j as. a -f A. Multiply this equation by b^ 
then «6 as a6 -f- ^6> which is the prop. 

PROPOSITION IV. THEOREM. 

If a straight line be divided Into any two parts, the 
square cf the whole line is equal to the squares of the 
two parts together with twice the rectangle contained 
by th|5 parts. 

Let the line AB be divided into two unequal parts in the 
point Cy or rather, let AC, BC be two unequal lines, and let 
AB be weir sum; the squaref of AB is equal to the sum of the 
squares of AC, CB, with twice the rectangle contained by AC, 
CB,' that is, AB» « AC« + CB» + 2AC.CB. 

On AB and BC describe the squares AE and CK (46. l\ 
Produce CO and KO to meet the sides of the square AE in F 
and H. Now the square described on AB consists of four 
parts. The first part is the square 
€K described on BC; the second is 
FH or the square on AC, for CF and 
Kfl, being parallel to the sides of the 
square AE, are equal, therefore if the 
equal parts CO and KG be taken 



a 



from 



the remainders OF and 
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OH will be equal: and they are also 
equal to HD and DF (34. 1); where- 
fore the 'figure FH is equilatmd. But 
the ande HDF is a righ| angle, there- 
fore FH is a square (33 DeC), 

The two figures AG, GE are each equal to a rectangle under 
AC, CB, because HG « GF, and KG ». BC » CG. Hence 
HF + CK + AG + GE -. AE, or AB« » AC« + CB^ + 
2ACXB. Wherefore, if a slrai^t line &c. Q.E.D. £9. 
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' Cob. 1. From the demonstration it is manifest that the pa- 
rallelograms about the diagonal of a square are squares. Sup- 
pose B 1) to be drjlwn, then it has been proved that CK and UF 
are squares. 

Cob. ft. The square of the sum of two lines, AC, CB, is 
greater than the sum of their squares by twice the rectangle 
contained bjr those line^' For this is the prop, in different 
words. Ed. 

Cob. 3. If a straight line be divided into two equsl parts, the 
souare of the whole line will be equal to four times the square 
othalf the line. 

If AC ^ CB, then 

AB»«AC»+AC» + 2AC.AC«4AC». Ed. 

•^IgebraicaUy. Let 8 denote th^ whole line, and a and b the 
two parts; then a^a + b. Square both sides of the equation, 
then ee^aa-i: /8«* + bb^ which is the prop. 

CoR. If the two parts be equal, or a » &, then ss ■* 4aaj 
that is, the square ot a line, or of any number, is four time the 
square of its naif. ' 



PROPOSITION V. THEOREM. 

If a straight line be divided into two unequal 
parts, the rectangle contained by their sum and dif- 
ference is equal to the difference of their squares. 




Produce AD, and take 
CB» AC; then AD » AC 

+ CD, and DB « AC — 
CD . On CB describe the 
square CF; through D draw 
DG parallel to BF; take 
B W :». BD; draw MK pa- 
rallel to AB, and AK paral- 
lel tO'CE. Then LG is a 
square (33 Def.), and is equal to CD'. 

Because CH « HF (43. 1) , CM ^ DF;* and because AL «s 
CM (36. 1) , AL - DF , therefore A H « CH -I- DF « gnomon 
CMO. But AH = AD. DH « AD. DB, because DH « DB 
( t Cor. 4. 8)$ therefore the gnomon CMu » AD . DB . But 
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CMG r. CP — LG « AC* — CD«; therefore AD .DB = 
AC* — CD*. Wherefore, if a straight line &c. Q.E.D. 

Cor. 1. The rectanfc^e contained by the sum and difference 
' of ti^o unec^ual straijpt lines AC, ( I), is equal to the differ* 
ence of their squares; that is, (AC +CD). (AC — CD) =« 
AC» — CD». This cor. is the prop, in different words* 

Cor. 2 If a straight line, or number, be divided into any two 
unequal parts, and into other two unequal parts, &c. in pairsf 
then, of all the rectangles contained by any pairs of segments 
the greatest is the square described on halt the line. 

For AD . DB « AC- — CD», therefore the rect AD . DB is 
always less than AC* by CD*, and constantly increases as 
DC* decreases, till the point D coincide with C^ and then 
AD.DB becomes AC. CB> or AC*. En. 

PROPOSITION VII. THEOREM. 



The square of the difference of any two unequal 
straight lines is less than the sum of their squares by 
twice the rectangle contained by those lines. 

Let AB and BC be two unequal lines, of which AB is the 
greater, and let AC be their difference; the square erf* AC is 
less than the sum of the souares of AB and BC by twice the 
rectangle under AB and BC, tliat is, AG* =« AB* + BC* — 
2AB.BC. 

Place AC on AB; on AB and 
AC describe the squares Al 
and AD (46. 1); produce AE. 
and CD to F and 6; produce 
£D and FG td U and I, and in- 
definitely to K and L; in IL 
take FL » BC, and complete 
the square LE. The sides of 
the rectangle BG are equal to 
ABy BC; and the sides of the 
rectangle GK are also equal to 
AB,BC, for GP » AC (34. 1 ), 
and ¥h or LK«bBC; there- 
fore GL -B AB, and LR or GD 

s BC Therefore the rectan- ^ C 

gles BG and GK are equal to 

tach other, and to the rectangle under AB, BC Therefore 

B6 + GK»j3AB3C Now if BG + GK be taken from the 
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whole figure ABTLKE, there will remain AD, that is, AC* ■» 

Afl«+BC»— 2AB.B0. Therefore, the square &c Q. EL D. 

Cor. 1. If a straight line AB be divided into any two parta 

AC, CB, the squares of the whole line and of one of tha 
parts are together equal to twice the rectangle contained by 
the whole line and that part together with me square of the 
other part That is, AB» + BCJ» «» 2 AB . flC + AC% by add- 
ing 2AB . BC to the two equals in the prop. 

Cor. 2. Hence, the sum of the squares of any two unequal 
lines is equal to twice the rectangle contained by those linea 
together with the square of their difference. 

Ji^ebraicallv. Let a denote theereater of any two un- 
cquallines, b the less, and d the difierence; theni/»a-- d« 
and dd » (a — b)^ « na — 2ab + bb. 

PROPOSITION B. THEOREM. 
This is Prop. 47. 1. 

In any right angled triangle the square described 
on the hypothenuse is equal to both the squares de- 
scribed on the other two sides. 

Let ABC be a right angled triangle, having the right angle 
ACB, and let the squares AB, PC, 01 be Ascribed on ttie 
three sides AB, AC, BC; AE asFC + CI. 

Through C draw ML 

§apallel to 41^, meeting 
'Q produced in M, and 
produce DA to meet FG 
m K. Because BAD is % 
right angle, its adjacent 
angle BAK is a right an- F, 
gle (13. 1). From the 
risht angles BAKL, CAF 
take the common angle 
CAK, and there remain 
the equal angles BAC, 
FAEL Consequently the 
triangles B AC, FAK, hay- 
ing the side AC s AF, are 
equal in all respects (A. 1 ). 
Thus, AB » AR, or AD 
89« AK; therefore the pa- 
rallelograms AL, AiVI, 
which are on equal bases 

AD, AK, and between the 

L 
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same pAralleb DK, LH, are equal (36. 1 ). But the square FC 
is equal to the parallelogram AM, because they stand on the 
same base AC and between the same parallels AC, FM (35. 1). 
Consequently the paral. AL » square FC. In the same man- 
ner it may be demonstrated that the paral. BL is equal to 
the square CL Hence A£ » CF + CI. Therefore, in any &C 
Q.E.D. West. 

CoH. 1. The square described on one of the sides of a ridht 
angled triangle is equal to the difference of the square^ de- 
scnbed on the hypotiienuse and the other side. 

For AC« + BC» »? AB». From these equals take BCVhen 
AC'cAB'^BC^ Ed. 




the perpendicular will divide the square into two rectangles 
AL, BL, which are equal to the squares of the sides AC, BC 
ladjacent to them. Ed. 

CoR. 3, If two right angled triangles have two sides of one 
triangle e^ual to two correspcmding side^ of the other, they 
are equal m all respects. 

CoR. 4. The square described on the di- 
i^onal of a square is double of that square. 

Let ABCD be a square, and AC its dia- 
gonal. Because the triangle ABC is right 
angled and isosceles, AC" m AB» + BC» « 
3AB«. 

Scholium. Because AC « 2AB' , AC* : a 
AB»: :2i 1,.-.AC : AB ::^3 :L Now 

since the value of ^ 2 cannot be exactly expressed in num« 
bers, v^ 2 and 1 are said ta be incommensurable quantities; 
consKBquently the dia^nd of a square is incommensurable with 
its side; that is, the side and the diagonal of a square have no 
&nite ratio* 
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PROPOSITION XIL THEOREM. 

In any. obtuse angled triangle if a perpendicular be 
drawn from either of the two acute angles to the op* 
posite side produced^ the square of the side subtend* 
ing the obtuse angle is greater than the sum of the 
squares of the two sides containing it by twice the rec* 
tangle contained by the base and its external part in- 
tercepted between the perpendicular and the obtuse 
angle. 

Let ABC be a triangle, having 
an. obtuse angle ACB, and from 
the point A let AD be drawn 
perp. to BC produced (12. 1); 
the square of AS is ^eater than 
the squares of AC, CB, by twice 
the rectangle BC.CD ; or AB» = 
BC» + ACf* + 2BC.CD. 

For BA« =« BD* + DA» (B.2) 

or BC + Cd' + AD«, because 

SDaBC+CD. But BC + CD* = BC* + 2BC.CD + CD* 
(4. 2). Hence BA» « BC» + 2BC.CD + CD* + DA». But 
Cn» + DA««ss CA*; therefwe, by putting equals for equals. 
BA» = BC* + 2BC.CD + C A* or BC* + AC* + 2(BC.CD). 
Therefore, in any &c Q. E. D. 

PROPOSITION XIII. THEOREM. 

In any triangle the square of the side subtending sax 
acute angle is less than the sum of the squares of the 
two sides containing that angle, by twice the rectangle 
contained by either of those sides and the distance 
between the acute angle and the perpendicular drawn 
from the q>posite angle to that side. 

Let ABC be any triangle, and the anele at B one of its acute 
angles; on BC, one of the sides containmg B, let fall the perp. 
AD from the opposite angle A; the square of AC, opposite to 
B, is less than the squares of CB, BA, by twice the reetansle 
CB.BD, or AC* « AB» + BC* — 2BC.BD. 
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Because the angle at D is right, AC* «■ AD* + DC» (B* 2). 

But AD«-AB» — BD« (1 Cor. B. 2), and DC»:=sBC — B1>V 

or BD — BC , according as the anrie ACB is acute or obtuse, 
that is, DC» « BC« + BD« — 2BC.BD (7. 2). Therefore, by 
adding the last two equals, AD* + DC% or AC» « AB« + BC» 
«^2BC.BD. Therefore, in sfny triangle &c. Q. E.'D. Ed. 

Scholium. From Prop. B, 12 and 13 it is manifest, that 
my angle of a triangle is right, obtuse, or acute, according as 
the square of the side opposite to it is equal to, greater, or less 
than the sum of the squares of the sides containing it. En. 

PROPOSITION C. THEOREM. 



If a straight line be drawn from any angle of a tri- 
angle to the middle of the oppnosite side, the sum of 
the isquares of the other two sides will be double <rf 
the sum of the squares of that line and of half the base. 

Let ABC be a triangle, and let any side BC be bisected in D, 
and from D let DA be drawn to the opposite angle; the squares 
of BA and AC are together double of the squares of BD and 
DA, or BA« + AG« « 2BD« + 2 DAK 

From A draw AB pero. to 
BC, then AB» « BD« + DA« 
+ 2BD.DB (12. «), or DC« + 
DA» + 2DC.DB, and AC* =r 
DC«+DA*— 2DC.de (13.2); 
therefor^ by adding these 
equals, AB« + AC» « 
gDC» + 2DA«. Therefore, if 
afltraightUae&c, Q.E.D.. ^ f^ g g. 
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PROPOSITION D. THEOREM. 

The sum of the squares of the two diagonals of any 
parallelogram is equal to the sum of the squares of 
the four sides* 

Let A BCD be a paral., of which the diagonals are AC and 
BD; the sum of the squares of AC and BD is equal to the sum 
of the squares ai AB, BC,CO, DA. 

Let AC and BD intersect each other in E, then they will 
bisect each other in E (1. 1 )• Since BD is bisected in E^ AB^ + 
AD» « 2BE« + 2AE» 
(C. 2); and for the same 
reason CD* + CB' » 
2BB« + 2BC»*=2BE« + 
2AE«,because EC»A£; 
therefore AB« + AD» + 
DC« + BC* = 4BE* + 
4AE«. But4B£'>»BD' 
(3 Cor. 4. 2), and 4AB» 
=5: AC% because BD and AC are both bisected in E; therefore 
AB» + AP» + CD« + BC« =. BD» + AC». Therefore, the 
sum &c. Q. E. J). 




PROPOSITION E. THEOREM. 



En. 



The sum of the squares of the two diagonals of a 
^uare is equal to the sum of the squares of the four 
sides. 

Let ABCD be a square^ of which the diagonals are AC,BD; 
the sum of the squares of AC, BD is equal j} ^ 

to the sum of the squares of AB^ BC, CD, 
DA, or to 4AB». 

For BD» « AB« + AD» ^ 2AB» (B. 2), 
and AC» « AB* + BC» « DC« + BC« » 
dAB*. Consequently, by adding equals to 
equals, AC» + BD» = DC* + BC» + AB* 
-f AD* » 4AB*. Therefore, the sum &c. 
Q. K D. 




PROPOSITION P. THEOREM. 



En. 



If a perpendicular be drawn from any angle of a tri* 
angle to the opposite side^ the rectangle contained by 
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the sum and difference of the other two sides is equal 
to the rectangle contained by the sum and differeice 
of the segments of the base made by the perpendi- 
cular. 

Let ABC be a triangk, baring tbe side AB greater than AC, 
and A r a per p . from the a ngle A to t he opposit e side BC^ 
then AB + AC. Ab — AG « Jbii + DC.BD ~ DC. 





For AB» » BI>» + DA* (B. 2), 

' and AC* « DC* + DA«; 

therefore the differences of those two equals are equal, or 

AB» — AC* ^ BD* --- D C*. ^ ' 

But AB* — AC* « AB + AC . AB — A C (5. 2), 
and AD*— DC*«BD + DC.Bil — DO; 

therefore AB + AC.AB — AC « BnT"DC.BD — DC, 

Therefore, if a perp. &c. Q. E. D. 

Coa. 1. If a perpendicular be drawn from any angle of'atri- 
an^e to the opposite side, the difference of the squares of the 
other two sides is equal to the difference of the squares of the 
segments of the base made by the perpendicular. For, bv the 
dem.AB*-AC»«BD»_DC*.*^'^ ' ^ 

CoH. 2. If a perpendicular, be drawn from any anrie of a 
triangle to the opposite side ot base, the difference ^tween 
the squares of the other two sides, or the rectangle under their 
sum and difference, is equal to twice the rectangle contained 
hy the base and the distance of the perpendicmar from the 
middle of the base. — (See Fig. of Prop. C.J. 

Let D be the middle of the base BC, and let AE be perp. to 
BC ; then AB* — AC* « BK* — KC* (Cor. 1), or (BF + EC). 
(BE— EC). ButBE — FC«DF + I)C — FC-c:2DE + 
EC — EC «= 2DE. Consequently A B« -• AC* «= BC . 2DE « 
^(BC . OE), or CAB + AC). (AB — AC)=.2(BC .DE) . Bp. 
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CoK. 3. If a perpendicular be drawn from any angle of a 
triangle to the opposite side, that side will be to the sum of the 
other two sides, as half their differenee is to the distance of the 
perpendicular from the middle of the base. 

For 2BC . DE » (AB + AC) • ( AB — AC) , therefore 2BC : 
AB + AC :: AB — AC :DB (Propor.33), therefore BC: 
AB + AC : : |(AB — AC) : DE (Propor. 30). Ed. 

Scholium. If tiie perpendicular be always drawn from the 
greatest angle of any triangle to the opposite side, the propo- 
sition will DO reduced to one case only, and its application to 
pactice will be more coayement 1 be proposition will then 
be expressed as follows. 

If a perpendicular be drawn from the greatest angle of a tri« 
angle to the opposite side, the greatest side will be to the sum 
of the other two sides, as their difference is to the difference of 
the segments of the greatest side made by the perpendicular. 

By means of this proposition, or Cor. 2 or 3, we can divide a 
triangle, of whic^i all the sides are given, into two right angled 
triangles, by determining the segments of the base, and thence 
the position and length of the perpendicular. Thus, by the 
proposition, half the sum of the base and the fourth propor* 
tional is equal to the greater segment (A. 2), and half the differ- 
ence between the base and the fourth proportional is equal to 
the less segment jEd. 
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Of any two unequal magnitudes, or quantities, if 
the sum and diiference be added together, half the ag- 
gregate will be the greater quantity; and if the differ* 
ence be subtracted mmi the sum, half the remainder 
will be the less quantity. 

Jfote. — ^This prop, may be briefly expressed by 
$igns as follows. 

Of two unequal quantities half tlie sum + half the 
difference is Bqual to the greater quantity, and half the 
sum — half the difference is equal to the less. 

If there be two straight lines, and if one of them 
be divided ihto any number of parts, the sum of the 
rectangles contained by the whole line and the several 
parts of the divided line is equal to the rectangle con- 
tained by the two whole linds. 

If a straight line be divided into any two parts, the 
two rectangles contained by the whole line and each 
of the parts are together equal to the square of the 
whole fine. 

Jf a straight line be divided into any two parts, the 
rectangle contained by the whole line and one of the 
parts is equal to the rectangle contained by the two 
parts together with the square of the foresaid part. 

If a straight line be divided into any two parts, the 
square of the whole line is equal to the squares of the 
two parts together with twice the rectangle contained 
by the two parts. Or, in other words, the square of 
the sum of two lines is greater than the sum of their 
squares by twice the rectangle contained by those 
lines. 



Digitized by VjOOQ iC 



G501IETRY. BOOK II. 81 

If a Straight line be divided into two equal parts/ 
the square of the whole line is equal to four tiities the 
square of half the line. 

The rectangle contained by the sum and difference 
of two lines is equal to the difference of their squares. 

The square of the difference of any two lines is less 
than the sum of their squares by twice the rectangle 
contained by those lines. 

In any right angled triangle the square described 
on the hypothenuse is equal to both the squares des- 
cribed on the other two sides. 

If two right angled triangles have two sides of one 
tria .gle equal to two correspoudhig sides of the other, 
' they are equal in all respects. 

In any obtuse-angkd triangle, if a perpendicular be 
drawn Irom either of the two acute angles to the oppo- 
site side produced, th^ square of the side subtending 
the obtuse angle is greater than the sum of the squares 
of the sides containing it by twice the rectangle under 
the base and the distance between the perpendicular 
and the obtuse angle. 

In any triangle the square of the side subtending ail 
acute angle is less than the sum of the squares of the 
two sides containing that angle by twice the rectangle 
under either of these sides and the distance bctweca 
the acute angle and the perpendicular drawn from the 
opposite angle to that side. 

If a straight line be drawn from any angle of a tri- 
angle to the middle of the opposite side, the sum of 
the squares of the other two sides will be double of 
the sum of the squares of that line and of' half the 
base. 

The sum of the squares of the two diagonals of any 
parallelogram is equal to the sum of the squares of the 
fbur sides. 



M 
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If a perpendicular be drawn from the greatest angle 
of a triangle to the opposite side, the rectangle con- 
tained by the sum and difference of the other two 
sides b equal to the rectangle contained by the sum 
and difference of the segments of the base made by 
the perpendicular; or, the greatest side is to the sum 
of the other two sides, as their difference is to the dif* 
feience of the segments of the greatest side made by^ 
tibe perpendicular. 

If a perpendicular be drawn from any angle of a 
triangle to the opposite side, the difference of the 
squares of the other two sides is equal to the differ* 
encc of the squares of the segments of the base made 
by the perpendicular. 



fiND OF BOOK II. 



Digitized by VjOOQ iC 



ELEMENTS OF GEOMETRY. 
BOOK III. 



DEFINITIONS.* 



1* A straight line is said 
to touch a circle, when 
it meets the circle, and. 
being produced, does 
not cut it Such a line 
is usually called a tan- 
gent 

A. A straight line drawn 
from any point without 
a circle to the concave 
part of the circumfer- 
ence is called a secant 



'O 



En. 



Circles are said to touch one another when they meet, but 
do not cut one another. 

3. Straight lines are said to be equally 
distant from the centre of a circle, 
when the perpendiculars drawn to 
them from the centre are equal. 

4. And the straight line on which the 
greater perpendicular falls is said to 
be farther from the centre. 

B. . ^n arch of a circle is any part of the 

circumference. 
And the chord of any arch is the straight 

line joining the two extremities of the arch. 

5. A segment of a circle is the figure 
contained by a straight line and the 
arch which it cuts oflf, or, it is the 
space included between an areh and 
its chord. 




Bb, 




• Numbers 1, 2, 3, 4, 7, are explanations, not definitions. 



£xk 
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6* An ande in a segment of a circle is 
the angle contained by two straight 
lines drawn from any point in the cir- 
cumference of the segment to the ex- 
tremities of the chord which is the 
base of the segment 

7. An angle is said to stand on the arch 
intercepted between the straight lines 
which contain the angle. 

i. The sector of a circle is the figure 
contained by two straight lines drawn 
from the centre and the arch of the 
circumference between them. 

C. If the radii, or the two straight lines 
containingthe angle, be perpendicular 
to each other, or form a right angle, 
the sector is called a quadrant £d. 

0. Similar segments of circle^ 
are those which contain '^ 
qual angles. 





PROPOSITION L PROBLEM. 

To find the centre of a given circle, — See Note, 

Let ABC be the giveji circle; it is required to find its centre. 

Draw any chord AB, and bisect it in D; from the point D 
draw DC perp. to AB, and produce it to E, and bisect C£ in 
F; the point F is the centre-of the circle ABC. 

For, if F be not the centre of the circle, some other point 
either in the line CE, or out of it, must be the centre. Sup- 
pose the centre to be in the line CE, at the point H different 
from F. Then the radii HE, HO are equal. But the straight 
lines PC,FB are equal (by construction); and HC is less than 
FC (9 Ax.); therefore HC is less than PE. Much more then 
is HC less than HE. But HC and HE are supposed to be 
equal, which is impossible. Consequently the point H cannot 
be the centre of the circle* 
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N(or ean the centre be a point out of 
the line C E. For, if possible, let O be 
the centre, and join GA, GD,GB; then, 
because DA is equal to DB, and DG 
is common to the two triangles ADG, 
BDG, and the base G A is equal to GB, 
because they are radii of the same cir- 
cle, the angle ADG is equal to GDB 
(8. 1); therefore the angle GDB is 
a right angle. But FDB is also a 
right angle; wherefore the angle 
PDB is equal to GDB, the greater to 
the less, wnich is impossible. Therefore G is not the centre of 
the circle ABC. 

Now since it has been proved that the centre of the circle is 
not in the line CB, at any point H different from F, nor out of 
CE, at any point G, the centre must be at the point F; that is, 
F is the centre of the circle. Which was to be found.* 

Cor. From this demonstration it is manifest, that if a straight 
line in a- circle bisect another at right angles, the centre of the 
circle is in the line which bisects the other; and that if the bi- 
secting line be bisected, the point of section will be the centre 
of the circle. 



PR^OPOSITIGN III. THEOREM. 

In a circle if a radius or a diameter bisect a chord, 
it will cut the chord at right angles ; and if it cut a 
chord at right angles, it will bisect the chord. 

1. Let ABC tfe a circle, and let a diameter CD bisect any 
chord AB in the point P; CD cuts AB at right angles. 

Take E the centre of the circle (1. 3), and join EA, EB. 
Then, because AF is equal to FB, and 
FE common to the two triangles AFB, 
BFE, and the base EA is equal to EB, 
the angle AFE is equal to BFE (8. 1 ), 
therefore each of the angles AFE, 
BFE is a right angle; wherefore the 
diameter CD, bisecting the chord AB, 
cuts it at right angles. 

2. Again j let CD cut AB at right 
angles; CD also bisects AB. 




* The demonstration of this prop, in PUyfair's Geomelry is defective. 
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The same construction being made^ because the radii EA, 
EB are equal, the angle BAF is equal to VS^. But the right 
angles AfE, BFE are equal. Hence the angle AEF is equal 
to BEF (2 Cor. 32. 1). But the side EF is common to the 
two triangles EAF, EBF; therefore the other sides are ecjual 
(A. I); therefore AF is equal to FB. Wherefore, itf a circle 
&c. Q.E.D. 

Cor. If a radius, or a diameter, bisect a chord, it will also 
bisect the arch subtended by that chord. 

For the radii EA, EB are equal, and also the angles AEO, 
BED; therefore if the sector AKD be supposed to revolve 
round the radius ED as an axis of motion, till the point A fall on 
B, and the radius EA coincide with EB, it is evident that the 
arch A D will coincide with BD ; therefore the arch AD is equal 
to BD> and the arch ADB is bisected by the radius ED. £d. 



PROPOSITION XIV. THEOREM. 

Equal chords in a circle are equally distant from 
the centre ; and chords in a circle which are equally 
distant from the centre are equal to one another. 

1. Let the chords AB, CD, in the circle ABDC, be equal to 
each other; they are equally distant from the centre. 

Find the centre B of the circle, 
and from E draw EF, EG perp. to 
, Die chords AB, CD; join AE, EC. 
The right angled triangles AEP, 
CEG, naving the side AE equal to 
CE,and AF equal to CG (3. 3), are 
equal in all respects (3 Cor. B. 2). 
TIius, the perpendiculars EF, EG 
are equal, and therefore the chords 
AB, CD are equally distant from 
the centre E. 

2, Next, let the chords AB, CD be equally distant from th«. 
centre of the circle, that is, let the perpendiculars EF, EG be 
equal; AB is equal to CD. 

The right angled trianries AEF, CEG, having the sides AE, 
BF equal to the sides CE, EG, each to each, are equal in all 
respects. Thus, AF is equal to CG, and therefore the doubles 
of fiiese, or th^ chords AB, CD, are equal (3. 3). Therefore, 
equal chords ^c. Q. E. D. Ed. 
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PROPOSITION XV. THEOREM. 

The diameter is the greatest straight line in a cir- 
cle ; and of all other lines that which is nearer to the 
centre is greater than one more remote; and the 
greater line is nearer to the centre than the less. 

1. Let ABCD be a circle, of which 
the diameter is AD, and the centre B; 
and let BC be nearer to the centre 
than FG; AD is greater than any line 
BC, which is not a diameter, and BC 
is greater than FG. 

From the centre draw EH per{>. to 
BC, and EK perp. to FG; and join 
EB, EC, EF. Because AE is equal 
to BB, and ED to EC, AD is equal to 
EB and EC together. But EB, EC 
together are nrealer than BC (20. 1); 
wherefore AD is greater than BC. 

Again, because BC is nearer to the centre than FG, EH is 
less flian EK (4 Pef. 3). Now BC is double of BH (3. 3), and 
FG is double of FR; and the squares of EH, HB together are 
equal to the squares of EK, KF together, because they are 
equal to the squares of the radii EB, EP (B. 2). But the 
square of EH is less than the square of EK, because EH is less 
than EK ; therefore the square of BH is greater than the square 
of FK; therefore the line BH is greater than FK; therefore 
BC is greater than FG. 

2. Next,let BCbe greater thanFG; BCis nearer to the centre 
than FG; that is, EH is less than EK. Because BC is greater 
than FG, BH is greater than FK. But the squares of BH, HB 
together are egual to the squares of FK, KB together, and th© 
square of BH is greater than the square of' FK ; therefore the 
^uare of EH is less than the square of EK ; therefore the line 
EH is less than EK, that is, BC is nearer to the centre than 
FG. Wherefore, the diameter &c. Q. E.D. 

PROPOSITION XVL THEOREM. 

A straight line drawn perpendicular to the diameter 
ef a circle, from one extremity of it^ is a tangent to 
the circle. 
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Therefore, a straight line 



Let ABC be a circle, the centre of t^^ch is D, and the diam- 
eter AB; and let AE be drawn from A perp. to AB; AE will 
touch the circle. 

In AE take any point P, and 
join DP, cutting the circle in C. 
"Because DAF is a right angle, it 
is greater than the angle 4FD 
(3 Cor. 33. 1); therefore DF is 
greater than DA or DC (19. 1); B 
flierefore the point F is without 
the circle, and F- is any point 
whatever in the line AE; there- 
fore AE faUs without the circle, 
and meets it only in the point A. 
Therefore AB touches the circle. 
&c. Q. E. D. 

Otherwise, Because DA is perp. to AE, it is the shortest dis- 
tance of the point D from AE (C. 1) ; therefore any other point 
in AE is farther from D that A is, and consequently falls 
without the circle. Therefore AE falls without the circle, and 
meets it only in A.. 

Therefore, a straight line &c. Q. E. D. En. . 

PROPOSITION XVII. PROBLEM. 

To draw a straight line from a given point, either 
without or in the circumference, which shall touch a 
given circle. That is, to draw a tangent to a circle. 

First, let A be a given point without the given circle BCD; 
it is required to draw a straight line from A which shall touch 
the circle. 

Find the centre E of the circle (1. 3), and join AE; from the 
centre E, at the distance EA, describe the circle APG; from 
the point D draw T>F perp. to EA, and join EBF and AB; 
then AB touches the circle BCD. 

Because E is the centre of the circles BCD and AFO^ EA is 
equal to EF, and ED to £B; therefore the two sides AE, £B 
are equal to the two sides F£, ED, each to each; and they 
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oontaia the angle at £ common 
tothetwQtriangleaAEB, FED; 
therefore the angle BBA is 
equal to RDF. But EDF is a 
right angle, wherefore EB A is a 
.right angle. Now EB is drawn 
from the centre; therefore AB 
touches the circle (16. 3); and 
it is drawn from the given point 
A. Which Was to to done. 



But if the given point be in the circumference of the circle, 
as the point D, draw DE to the centre E, and DF perp. to DE; 
then DF touches the circle (16. 3). 

PROPOSITION XVIII. THEOREM. 

- If a straight line touch a circle, the straight line 
drawn from the centre to the point of contact is 
perpendicular to ihe tangent. 

Let the straight line DE touch the circle ABC in* the point 
C; find the centre F, and join PC; FC is perp. to DE. 

For, if FC be not perp. to DE, from the point F draw FBO 
perp, to DB; then because FGC a 

IS a ri^t angle, GCP must be an ~^ 

acute angle (3 Cor. 32. 1 ) ; there- 
fore FC IS greater than PO (19.1). 
But FC is equal to FB; therefore # « 

FB is greater than FG; a part ' *^ 

Ip^ater than the whole, which is 
impossible; wherefore FG is not 
perp. to DE. In the same man* \ I \B , 

ner it may be shown that no 
other line but FC can be perp. Q 
to DE; therefore FC is perp. to 
DE. Therefore, if a straight line &c Q.. E. D. 




C GTB 



PROPOSITION XIX. THEOREM. 

If a str^ght line touch a circle, and from the point 
of contact a straight line be drawn perpendicular to 
the tangent^ the centre of the circle is in that line. 

N 
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Let the stru|^t line DE touch the cirde ABC in the point 
G, and from C let CA be drawn perp. to D£; the centre of tiie 
circle is in CA. 

For, if not, let F be the centre, if possible, and join CF. Be- 
cause DE touches the circle 
ABC, and FC is drawn from the 
centre to the point of contact, FC 
isperp. to t>£ (18. 3); therefore 
FCEisar^htangle. But ACE 
is also a right angle; thereforo 
the angle FTlE is equal to ACE, 
the less to thejgreater, which is 
impossible. Wherefore F is not 
the centre of the circle ABC. In 
like manner it may be shown 
that no other point which is not 

in C A is the centre; that is, the centre is in CA. Therefore, 
if a straight line &c. Q. £. D. 

PROPOSITION XX. THEOREM. 

The angle at the centre of a circle is double of the 
angle at<Ae circumference, both standing on the same 
arch. 

Let ABC be a circle, and BDC an angle at the centre, and 
BAC an angle at the circumference, both standing on the same 
arch BC; the angle BDC is double of BAC. 

First, let D, the centre of the circle, be within the ancle 
BAC; through D draw AOB. Be- , -o 

cause DA is equal to DH, the angle 
D A B is equal to DBA ; therofore Sie 
angles DAB, DBA togi^er are dou- 
ble of the angle DAB^ But the an- 
ge BDE is equal to both the angles 
AB, DBA {82. 1); therrfore the 
angle BDE is double of DAB. For 
the same reason the angle CDE is 
double of CAD. Therefore the 
whole angle BDC is double of the 
whole angle BAC. 
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Again, let D, the centre of the eir- 
cle, DC without the ande BAG. 
Through D draw \DK It may be 
demonstrated, as in the first ease, 
that the angle COB « 2CAE or 
20AB + 2BAE, and the angle BD£ 
«b2BAE. Take the latter equals j; 
from the former, then &e ao^e BDC 
»3CAB. Therefore, ike angle ^ 
&c Q.E.D.* Enf B 




PROPOSITION XXI. THEOREM. 

The angles at the circumference of a circle^ stand- 
ing on the ^ame arch, are equal to one another. 

Let ABCD be a circle, and BAD^ 
BED, angles at the circumference, 
etanding on the same arch BG D ; the 
angles BAD, BED are equal to each 
other. 

Take F, the centre of the circle. 
Let the segment BAED be greater 
than a semicircle, and join BP, PD. 
The angle BPD at the centre is dou- 
ble of each of the angles B.41>, BED 
at the circumference, which stand 
on the same archJBCD (20. 3); 
therefore the angldflAD is equal to BED (7 Ax). 

. Again, letthesegment BAED be 
not greater than a semicircle, and 
let BAD, BED be angles in it) 
they are equal to each other. 

The angles BCA, DCB are equal 
(15. 1), and the angles ABC, EDO B 
are equal bj the former case ; 
therefore the angles BAD, BED 
are equal (2 Cor. 32. I). There- 
fore, the angles &c. Q. K D. En. 





• Euclid's demonstration of this case is &ul^, for be assumes a prop* 
^hteh has not been proved, and does not properly belongs to Geometry. 
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PROPOSITION XXII. THEOREM. 

The two opposite angles of any quadrilateral figure 
described in a circle, or in a segment of a circle, are 
together equal to two right angles. 

Let ABCD be a quadrilateral figure described in the circle, 
or segment, ABC D ; any two of its opposite angles ABC, ADC 
are together equal to two right angles. 





Draw the diagonals AC, BD. The angles CAB, CI>B are 
equal, because they stand on the same arch^C (21.3); and the 
angles ACB, ADB are equal, because they stj^nd on the same 
ardi AB; therefore the whole angle ADC is equal to the two 
angles . CAB, ACB. To each of these equals add the angle 
ABC, then ihe two angles ABC, ^DC are equal to the three 
angles ABC, CAB,BC A. But these are together equal to two 
ri^t angles (32. 1); therefore the angles ABC, ADC are to- 
gether equal to two right angles. In tfa^ same manner the 
angles BAD^ BCD may be shown to be ^lal to two right an* 
gles. Therefore, the oppo^te angles &c. Q. £. D. 

PROPOSITION XXVL THEOREM. 

In equal circles^ if the angles at the centres or at 
the circumference be equal, the arches on which they 
stand are also equal. 

Let ABC, DBF be equal circles, ^nd let BGC, EHF be equal 
angles at their centres G, H; and BAC, EDF equal angles at 
their circumfei^nces; the arch BKC is equal to the arch £LF. 
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Draw BC, EF, Let the circle ABC be applied to DBF, so 
Ihat the centre G may lie on H, and the radius GB on HB; 
then the radius GC will coincide with its equal HF, because 
the angle BGO is ejjual to EHF. Now it is evident that the 
circle ABC will coincide with the equal circle DBF, and that 
the arch BKC will coincide with ELF, because the point B 
lies on E, and the point C on F. 

Again, if the equal angles A and D at the circumferences be 
less than right angles, then, because the angles G and H at the 
centres are double of the equal angles A and D (20. 3), they 
are equal to each other, and therefore {hy the first case) they 
stand on equ^l arches; therefore the angles A and D stand on 
equal arches. Cbesswell. 

But if the angles A and D be no^iess than right angles, let 
them be bisected; then, is before, the. arches which subtend 
their halves are equal, each to each; therefore the whole arch- 
es which subtend the whole apgles are equal. Wherefore, in 
equal circles &c. Q. E. D. C&esswell. 

Cor. 1. In the same manner it may be proved, that in the 
same circle equal angles stand on equal arches. 

Cor. 2. It is manifest that in the same circle, or in equal cir- 
cles, thqgcreater angle stands on the greater arch. 

Cor. 3. In the same circle, or in equal circles, equal chords 
are subtended by equal arches. 

Cor. 4. If a radius ED (Figure 3. 3) bisect a chord AB, it 
will also bisect the arch subtended by that chord. For the tri- 
angles AEF and BEF, being mutually equilateral, are equal in 
aU respects; therefore the angle AEF = BfiF, therefore, the 
archAD»BD. Eo. 

PROPOSITION XXVIL THEOREM. 

In equal circles the angles which stand on equal 
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arches are equal to one anbther, whether they be at 

the centres or at the circumferences of the circles. 

• 

B A #f^ ^^ "^^le* BGC, EHP at the centres, and the andes 
55tS' ** ** ^^^ circumferences of the equal circles ABC, 
DhF, stand oh the equal arches BC, EP: the ande BGC is 
equal to BHF, and the angle BAC to EDF. 





If the angle BGC be equal to EHF, the angle A is equal to 
D (20. 3). But, if not, one of them is the ^eater. Let BGC 
be the greater, and at the point G, in the Ime BG, ms^e the 
angle BGK ecraal to EHF (23. 1); then the arch BK is equal 
to the arch EF ^26. 3). But the arch £F is equal to the arch 
BC; therefore also the arch BK is equal to the ^rch BC, the 
less to the greater, which is impossible. Therefore the an^ 
BGC is not unequal to EAF, that is, BGC is equal to EHF* 
But the angle A is half of the angle BGC (20. 3^, and the angle 
D is half of the angle EHF; therefore the angle A is equal to 
the angle D. Wherefore, in equal circles &c Q. E. U. 

Cob. 1. In the same circle the angles which stand on the same 
arch, or on equal arches, are equal to one another. En. 

Cob. 2. Hence it is evident that the angle which stands on 
the greater arch is the greater. En. 

PROPOSITION XXVIII. THEOREM. 

In equal circles equal chords cut off equal arches, 
the greater arch equal to the greater^ and the less arch 
equal to the less. 

Let ABC) DEF be equal circles, and BC, EF equal chords 
in them, which cut off the two greater arches Bx\C, EDF, and 
the two less arches BGC, EHF; the greater arch BAC is eoual 
to the grea^^ EDF, and the less arch BGC is equal to the less 
BHF. 
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Take K, L, the centres of the circles^ and draw BK, KC, and 
£L, LF* Because the circles are equaJ^ their radii are equal; 
therefore BK^ KC are equal to EL, LF. But the base BC is 
also equal to £F; th^^fore the ansle BRC is equal to ELF; 
tiierefore the arch BGC is equal to the arch EHF (26. 3). But 
the circumferences ABOC, DEHli are equal; therefore the re- 
maininc arches BAG, EOF are equaL Therefore, in equal 
circles &c. Q. £. D. 

Cor. In the same circle equal chords cut off equal arches. 

Scholium. This prop, is sometimes expressed thus. In 
equal circles equal chords subtend equal arches, the ereater 
arch equal to the greater, and the less arch equal to the less* 

PROPOSITION XXIX. THEOREM^ 

In equal circles equal arches are subtended by 
equal chords. 

Let ABC, DEF be equal circles, and BGC, EHF equal 
arches; join BC, £F; the chords BQ and EF are equal. 
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Take K, L, the centres of the circles, and draw BKyKG, and 
EL, LF. Because the arch BGC is equal to EHF, the angle 
BKC is equal to ELF (27.3); and because the circles ABC, 
DEF are equal, their radii are equal; therefore BK, KG are 
equal to EL, LF; and they contain equal angles; therefore 
the base BC is equal to E¥» Therefore, in equal circles &c« 
Q.E.D. 

Cor. In the same circle equal arches are subtended by equal 
chords. 



PROPOSITION A, THEOREM. 



Bjk 



Parallel chords in a circle intercept equal arches. 

Let the chords AB, CD be paral- 
lel; the arches AC, BD, which they 
intercept, are equal. 

Draw AD. because the straight 
lines AB, CD are parallel, the alter- 
nate angles BAD, ADC are equal 
(29. 1), therefore the arches AC, 
BD, on which those angles stand^ 
are equal (26. 3). Therefore, paral- 
lel chords &c. Q.E. D. En. 




•PROPOSITION XXX. PROBLEM. 



To bisect a given arch. 

Let ADB be the given arch; it is required to bisect it 

Draw AB, and bisect it in C; frem the point C draw CD 
perp. to AB, and join AD, DB; the arch ADB is bisected in 
the point D. 

AC is equal to CB, and CD is com- 
mon to the triangles ACD, BCD, and 
the right angles atC are equal; there- 
fore tne bm AD is equal to BD; 
wherefore the arch AD is equal to the 
arch DB (28. 3); and each of the 
arches AD, DB is less than a ^mi- 
circle, because DC passes through the centre (Tor. 1. 3). 
Therefore the given arch ADB is bisected in D, Which was 
tp be done. 
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Cor. Hence, if a strais^ht line bisect a chord at right an^es, 
it will also bisect the arch subtended by that chord. This is 
evident from the demonstration. £d. 

PROPOSITION XXXI. THEOREM. 

The angle at the circumference of a semicircle is a 
right angle; the angle in a segment greater than a 
semicircle is acute; and the angle in a segment less 
than a semicircle is obtuse. 

Let ABCD be a circle, of which the diameter is BC^ and the 
centre E; draw G \ dividing the circle into the two segments 
ABC, ADC; draw BA, AD, DC; the angle in the semicircle 
B AC is a right angle; the angle in the segment ABC, which is 
greater than a semicircle, is acute; and the angle in the seg* 
ment ADC, which is less than a semicircle, is obtuse. 

Join A£, and produce BA to F. Because BE is equal tp 
£A, the angle EAB is equal to 
KB A; and because AB is equal 
to KC, the angle E AC is equal to 
EC A ; wherefore the whole angle 
BAC is equal to the two angles 
ABC, ACfB, But FAC, the e^c- 
terior angle of the triangle ABC, 
is also equal to the two angles B | 
ABC, ACB (32. 1>; therefore 
the angle BAC is equal to FAC; 
therefore each of them is a right 
angle. Wherefore the angle BAC 
in a semicircle is a right angle. 

Again, the angle BAC of the triangle ABC is a right anglc^ 
therefore ABC is less than a right angle (3 Cor 32. 1). There- 
fore the angle in a segment ABC, greater thaji a semicircle, is 
acute. 

Lastly, because ABCD is a quadrilateral figure in a circle, 
the angles ABC, ADC are together equal to two right angles 
(22. 3). But ABC is an acute angle; wherefore ADC is an 
obtuse angle. Therefore the angle in a segment ADC, less 
than a semicircle, is obtuse. Therefore, the angle &c. Q. E. 0* 

Cor. A straight line AE drawn from the* right angle 
BAC of a right angled triangle ABC to the middle E of the 
hypothenuse BC is equal to half the hypothenuse. For ^ncc 
the angle BAC is in a semicircle AE is equal to BE. Kd, 
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SchoKum. From the remarjsable property of a cirdley that 
the angle in a semicircle is a right angle, are derived elegant 
methods of drawing tangents to circles, and perpendiculars 
from any points in or without a straight line. 

1. To erect a perpendicular at any point B in a given straight 
line AB. 

Without the line AB take aiw- 
point D which is opposite to A B, 
and draw DB. From the centre 
D, with the radius DB, describe 
a circle cutting V B in the points 
C and B. Through the points C 
and n draw the hne CDF meet- 
ing the circumference in F. 
Draw BF, which will be the per- 
pendicular reauired. j- 

For the angle C BF is in a semi- 
circle, and therefore is a right an- 
gle; therefore BF is perp- to AB. 

2. To let fall a perpendicular on a given straight line AB 
from a given point F without it 

From F draw any inclining line FC to meet AB in any 

gdnt e ; bisect FC in D, and from the point D, with the radius 
i , describe a circle cutting AB in C and B. Draw FB, 
which is the perpendicular required. 

For the angle CBF is in a semicircle, and therefore is a right 
angle; thererore FB is perp. to AB. 

3. To draw a tangpnt to a circle from a given point with** 
out it. 

Let DOH be the given circle, 
and A my point without it, from 
which it is required to draw a 
tangent 

Find the centre C, and join 
AC, and on AC as a diameter 
describe the circle AGCK 'cutting 
the circumference of the given 
eirde in the points Q and K. 
Draw AG, AK, Hien AG or AK 
is the tangent required. 

Draw CG and CK, then the 
angles CGA,CKA in semicircles 
are right angles, therefore AG, 
AK are perp. to the radii CG, 
CK, and therefore touch the cir- 
|de DGH in the points G ffnd K (Cor. 16. 




Digitized by VjOOQ iC 



r 



G£OM£TRY. BOOK III. 



dd 



Cor. Hence two tangents AG, AK, drawn from the same 
point A without a circle, are equal. For the triangles AGC, 
AKC, having the side CG equal to CK, and C A common, and 
the andes at G and R right, are equal in all respects (3 Cor, 
B. 2), therefore AG is equal to AK< 

PROPOSITION XXXII. THEOREM. 

If a straight line touch a circle, and a chord be 
drawn from the point of contact, the angle made by 
the tangent and chord is equal to the angle in the seg- 
ment of the circle, which is on the opposite side of the 
chord. 

Let the line EF touch the circle A BCD in the point B, and 
from B let the chord BD be drawn; the angle FBO which BD 
makes with BF is equal to the angle which is the opposit^l 
segment DAGB, and the angle DBE, which BD makes wi^b 
B£, is equal to ttie angle in the opposite segment BCD^ 

Prom the point B draw BA perp. to EF; take arty point C iii 
the arch BD, and draw AD, DU, CB. Because EF touches the 
circle ABCD in B, and BA is drawn perp. to EF form the 
point of contact B, the centre of the circle is in BA (19» 3), 
and BA is a diameter; therefore 
ADB is a right angle (31. 3], and 
therefore the other two angles 
BAD, ABD are together equal to 
a right angle (4 Cor. 32. 1). But 
ABF is a rieht angles therefore 
ABP is equal to the two angles 
BAD, ABD. Take from these 
equals the common angle ABD, 
and there will remain the angle _ 
DBF equal to the angle BAD G 
which is in the opposite segment 
of the circle, and is equal to any other angle B6D in the same 
segment (21. 3). 

Again, the three angles EBD, DBC, CBF, are together equal 
to two right angles {} Cor. 13. 1), and the three angles of the 
triangle BDC are together equal to two right angles (32. 1): 
therefore EBD + DBC + CBF =« BDC + DBC + BCD. But 
in these two equals the angle DBC is common, and the angle 
CBF is equal to BDC, by the former case; tiberefore the angle 
£BD is equal to the angle BCD, which is in the opposite seg- 
ment of the circle, and is equal to any angle in that segment 
Wherefore^ if a straight line &e. Q. £. D. £p. 
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Cor. If a straight line PB meet the circumference of a circle, 
in any point B, and make an anele with a chord BD drawn 
from the same point B, equal to the angle at A in the alternate 
segment BOO of the circle, the line BF touches the circle 
in that point £p. 



This prepasiUon may be thus demonstrated. 

Let the straisht line EB touch 
the circle ACD in the point A, 
and from A let the chord AG be 
drawn. Through C draw CD 
mrallel to EB, and join AD. 
Then the angle B AC is equal to 
ACD (29. 1] ; and because the 
arches AC, AD are equal (A. 3), 
the angles ACD, ADC are equal 
(27. 3). Therefore the angle 
BAG is equal to the angle ADC 
in the alternate segment ADC. 



En. 




• PROPOSITION XXXIII. PROBLEM. 

On a given straight line to describe a segment of 
a circle, which shall contain an angle equal to a given 
rectilineal angle ; that is, to describe a segment such 
that all the angles described in it shall be equal to a 
given angle. 

Let A B be the given straight line^ and C the given rectili- 
neal angle; it is required to. describe on AB a segment of 
a circle containing an angle 
equal to C. 

r irst, let C be a right angle; 
bisect AB in P, and from the 
centre P, at the distance FB, 
describe the semicircle AHB, 
The ansle AHB in a semicircle 
is equal to the right angle C (31 3). 

If C be not a right angle^ then at the point A^ in the line AB, 
make the angle BAD egual to C (23. 1), and from A draw AB 
perp. to AD; at the point B, the other extremity of AB, make 
the angle ABG equal to BAG; then 6A is equal to 6B (6. 1), 
From the centre G, at the distance OA, describe a circle, and it 
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will pass through the point 
B; then AH B is the segment 
required. 

Because AD is perp. to the 
extremity of the diameter 
AE, it touches the circle in 
the point A (Cor. 16.3); and q 
since AB is a chord drawn 
from the point of contact A^ 
the angle BAD is equal to 
any angle in the segment on 
the other side of AB (32. 3). 
But the angle BAD is equal 
to C ; therefore the angle C is 
equal to any angle in tne seg* 
ment AHB on the other side 
of AB. Wherefore, on the 
given line AB the segment 
AHB of a circle is described 
which contains an angle equal 
to the given angle C. Which 
was to oe done. 




PROPOSITION XXXV. THEOREM.* 

If two chords of a circle cut each other, the rectaa- 
gle contained by the segments of one chord is equal to 
the rectangle contained by the segments of the other. 

Let the two chords AC, BD, of the circle ABCD, cut each 
other in the point £; the rectangle AE . £C » BE . ED. 

Let the chord HI which passes through the centre of the 
circle, cut the chord AC, whicn does 
not pass through the centre, in E; 
bisect HI in F, then F is the centre 
of the circle. Join AF, and from F 
draw FG perp. to AC; then AG is 
€qual to OC ( 3. 3). In the triangle 
AEF the sum of the sides AF, FE 
is HE, and their difference is Kl; 
also, the sum of the segments of the 
base AG, GE,.made hy the perp. 
FG, is AE, and their aifference is 
AG — GE » GC — GE <* EC. 




* Shorter and 
maybes^cQatt] 



plainer demonstrations of this and the next proposition 
le end of Book y I. - 
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But (AF + PB) . (AP — PE) » (AG + GE) . (AG—GE) 
(F. 2)^ that is, HE . EI » AE . EC. 

Again, if any chord HI, which passes through the centre, 
cut any other cnord BD, which does not pass through the cen* 
tre, it may be proved in the same manner that BE. ED sk 
HE . EI. And it has been proved that AE . EC^ «= HE . EL 
Consequently AE . EC » BE . ED. Therefore, if two chords 
&c. Q. £. D. Ed. 

Cor. 1. If two chords of a circle cut each other, their seg- 
ments are reciprocally proportionsd. For AE . EC = BE. ED, 
.•.AE:ED::BB:EC. 

Cor. 2. If from any point C (figure, Prop. C) , in the circum- 
ference of a circle a perpendicular C£ be drawn to a diameter 
AB, the rectangle contained by the segments of the diameter 
is equal to the square of the perpendicular. Produce C:E to 
the circumference at D, then CE » ED (3. 3), and AE . £B » 
CE.EDorCE». 

PROPOSITIONS. THEOREM. 
This is Cor. 36. 3. 

If from any point without a circle two' secants be 
drawn, the rectangle contained by one secant and 4ts 
eictemal part is equal to the rectangle contained by the 
other secant and its external part. 

Let E be any point without the circle ACDB, from which 
two secants EA, EB are drawn; die rectangle AS . EC » 
BE. ED. 

Through the point E and the 
centre F draw the secant EFH ; join 
AF, and from F draw FG perp. to 
AC; then AG «= GC (3. 3). In the 
triangle AEF the sum of the sides 
AF, F£ is HE, and their difference 
is IE; also the sum of the segments 
of the base AG, GE, made oy the 
perp. FG, is AE, and their <fiffer- 
CDce is CE. But (FE + FA) . 
(FE — FA) « (GE + GA) . 
(GE — GA) (F . 2\ that is, HE . EI 
■B AE . EC. In the same manner 
it may be proved that HE . EI a 
BE . ED. Consequently AE . EC 
«= BE . ED. Therefore, if from 
any&c- Q.E.D. Ed. 
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GoR. If from any point without a cirele two secants be 
drawn, they are to each other reciprocally as their external 
segments. For AE.EC»BE.ED, -.AE: BE: :ED :EC. 

Scholium,. The last two propositions may be enunciated to- 
gether as follows. 

If two chords intersect each other in a circle, or, beine pro- 
duced, without it, the rectangle of the segments of one chord, 
intercepted between the point of concourse and the circumfer- 
ence, is equal to the rectangle of the similar segments of tfie 
other. 

PROPOSITION XXXVL THEOREM. 

If from any point without a circle a tangent and a 
secant be drawn^ the rectangle containea by the secant 
and its external part is equ^ to the square of the tanr 
gent. 

Let B be any point without a cird6 ACTH, from which a 
tangent ET and a secant £A are 
drawn; AE.KC«£r^ 

Let £H paas throudi the centre 
F, and join FT; then FT£ is a right 
ande (18. 3), therefore FE« — FT« 
«TE» (1 Cor. B. 2 ). But FB» — 
FT^ = IFE + FT). (Ffc — F r) 
(5.2), or H£ . BT « ET-. But 
Il£ . £1 is equal to the rectangle 
AE . EC under any other secant 
and its external part ( B. 3). There- 
fore A£ . EC :s ET^ llierefore^ 
if from any &C. Q.ED. 
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PROPOSITION C. THEOREM. 



Ed. 




If from any point in the circumference of a circle a 
perpendicular be drawn to a diameter, and a chord to 
either end of it, the square of the chord is equal to the 
rectangle under the diameter and the part of it be- 
tween the perpendicular and the chord* 

From any point C in the circum- ^ 

ference of the circle ACBD let a 
perp. CK and a chord C A be drawn 
to the diameter AB; AC" » AB.AE. 

For AC- » CE« + AE« (B. 2\ 
and AB . AE « AE« + AE . BB 
(3. 2). But f'E« « AE . EB (2 Cor. 
35.3); therefojx) AB.AE «= A£* 
+ CE% or AC*. Therefore, if 
from any point &c. Q. E. D. 

PROPOSITION D. THEOREM. , Ed. 

If two chords of a cirdc intersect cadb other, the 
angle which they contain is equal to* half the angle at 
the centre which stands on the sum or the difference 
of the arched intercepted between them, according as 
they meet within or without the circle« 

1. liet ACBD be a circle, and A B^ C D two chords which in- 
tersect each other in the point E within the circle; the ad^e 
DEB is equal to half the angle at 
the centre which stands on an arch 
equal to the sum of the arches 
AC, DB. 

Through C draw CO parallel to 
AB, then the arch BG » AC (A. 3), 
and therefore the arch DBG « AC 
+ DB. Now the ancle DKB — 
angle DCG (29. 1), which is equal 
to half the angle at Uie centre stand- 
ing on the same arch DBG (20. 3); 
therefore the angle DEB is equal 
to half the angle at the centi;e standing on the arch DBG. 
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B, Af^ain, let the two chords DA, 
BC be produced and meet in F; 
fte angle DFB is equal to half the 
angle at the centre standing on an 
arch equal to the difference of the 
ardiesDB,AC. 

Draw AH parallel to fiC, then the 
arch HB » AC, and the arch DU 
s-DB — AC. 

Now the angle DFB » angle 
DAN 9 which is equal to half the an- 
gle at the centre standing on the 
arch DU ; therefore the angle DFB 
is equal to bdf the angle at the 
centre standing on the arch DH. 
Therefore, if two chords &c. 
Q.E.D. 

Cor. If two chords intersect each other at right angles with- 
in a circle, the sum of the opposite arches which tney inter* 
cept is equal to half the circumference. 




PROPOSITION E. THEOREM. 



£»• 



If from any point without a circle a tangent and ft 
secant be drawn, the angle which they contain is equal 
to an angle at the circumference of the circle standing 
on an arch equal to the difference between the arches 
intercepted by the tangent and secant. 

From any point E without the circle BDC let a tangent 
KB A and a secant EDC be drawn; the angle AEC is equal to 
an angle at the circumference on an arch equal to. the diflfer* 
ence of the arches BC, BD. 

From the point D draw DP 

firallel to AE, then the arch 
B is equal to BD (A. 3). 
therefore the arch FC is equal 
to the difference of tlR arcnes 
BC and BD. 

Again, because FD is paral- 
lel to A £9 the angle FDC is . 
cmial to. AEC (29. 1). But ^^ 
FrC is an angle at the circum- 
ference stanaing on the arch 
FC , which is equal to the dif- 
ference of the arches BC, BD. Therefore, if from &g. Q. E.D. 
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If in a circle a straight line bisect a chord at right 
angles, it will pass through the centre of the circle. 

If in a circle a diameter bisect a chord, it will be 
perpendicular to the chord ; and if it be perpendicu- 
lar to a chord, it will bisect the chord, and also the 
arch subtended by the chord. 

Chords in a circle, which are equal to one another, 
are equally distant from the centre ; and chords which 
are equal y distant from the centre of a circle are equal 
to one another. 

A st) aight line peipendicular to the extremity of a 
radius or a diameter is a tangent to the circle. 

If a straight line touch a circle, a radius drawn to 
the point of contact is perpendicular to the tangent. 

An angle at the centre of a circle is double of an 
angle at thecircumference^ standing on the same arch. 

All angles in the same segment of a circle, or stand- 
ing on the same arch, are equal to one another. 

The two opposiite angles of any quadrilateral figure 
described in a circle are together equal to two right 
angles. 

In equal circles equal angles atand on equal arches, 
whether they be at the centres or at the circumferences 
of the circles. 

In equal circles the angles which stand* on equal 
arches are equal to one another, whether they be at the 
centres or at the circumferences of the circles. 

In equal circles equal chords subtend equal arches 
on the same sides of them> and equal arches are sub« 
tended by equal chords. . 
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An angle in a semicircle is a right angle. 

If a straight line touch a circle, and a chord be 
drawn from the point of contact, the angle made by 
the tangent and chord is equal to the angle in the seg- 
ment of the circle which is on the other side of the 
chord. 

If two chords in a circle cut each other, the rectan*^ 
gle contained by the segments of one chord is equal t^ 
tiie rectangle contained by the segments of the other. 

If from any point without a circle two secants be 
drawn, the rectangle contained by one of them and its 
external part is equal to the rectangle contained by 
the other and its external part. 

If from any point without a circle a tangent and a se- 
cant be drawn, the rectangle contairfed by the secant 
and its external part is equal to the square of the tan- 
g?nt. 

If from any point in the circumference of a circle a 
perpendicular be drawn to a diameter, and a chord to 
either end of it, the square of the perpendicular is equal 
to the rectangle under the segments of the diameter; 
and the square of the chord is equal to the rectangle 
of the diameter and its segment adjacent to the chord. 

If two chords of a circle intersect each other, the 
angle which they contain is equal to half the angle at 
the centre which stands on the sum or the dilfereiice 
of the arches intercepted between them, according as 
they meet within or without the circle. 



END OP BOOK IIT* 
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DEFINITIONS. 




h Similar rectilineal figures 
are those which have their 
several angles equal, each 
to each, and the sides about 
the equal angles propor- 
tional. 

A. In similar figures the sides which are opposite to equal 
angles are homologous or like sides. E]>. 

U. Two sides of one figure are said to be reciprocallv propor- 
tional to two sides of another, when one of the sides ot the 
first fi^re is to one of the sides of the other, as the remain- 
ing side of the other is to the remaining side of the first 

B. Two magnitudes^ and other two, are said to be recipro- 
cal! v proportional, when one magnitude of the former is to one 
of the latter, as the remaining magnitude of the latter is to the 
remaining magnitude of the former. Ex>. 

C. A straight line is said to be harmonically divided, when 
it is divided into three segments, so that the whole line is to 
one of the extreme segments as the other extreme segment is 
to the middle segment Ed. 

D. Two straight lines are said to be similarly divided, when 
any two corresponding segments of them have the same ratio 
as the lines have. Ep. 

3. A straight line is said to be cut in extreme and mean ratio, 
when the whole line is to the greater segment as the greater 
segment is to the less. 

4. The altitude of an v figure is the stniight line drawn from its 
vertex perpendicular to the base. 
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PROPOSITION I. THEOREM. 

Triangles of the same altitude are to one another 
as their bases; and parallelograms of the same altitude 
are to one another as their bases. ^ — See JSTote. 

Let P and o denote two parallelomiinS) A and a their alti- 
tudes, B and d their bases; then, by Preliminary Observations 
to Book II, the surface of P as A . B, and the surface of p^ 
a . b. Consequently P :/? : : A . B : a . 6; that is, paraalel- 
ograms are to one another as their bases and altitudes jointly. 

Because a paral. is double of a triangle of the same base and 
altitude (41. 1), triangles are to one another as their bases and 
altitudes jointly. 

If the altitudes of theparallelonums or triangles beequal, 
the proportion becomes P :^ : : B : A, that is, parallelograms 
or trianeles of the same altitude are to one another as their 
bases, which is the proposition. 

Cor. If the bases be equal, then P : j9 : : A : a, that is^ pa- 
rallelograms or triangles on equal bases are to one another as 
their altitudes. 

Otherwise. Let the triangles ACH and ADL have the same 
altitude; the triangle ACH : AOL : : HC : DL. 

Let the bases HC and DL be commensurable, or be divisible 
by the same quantity, 
and let the line m be 
their common measure 
or divisor. Divide the 
base HC into the parts 
CB^ BO,OH,each equal 
to m; and divide the 
base DL into the parts 
DK, KL, each equal to 
m* Prom the vertex H O fi ^ 
A draw straight lines to 
the several points of division. 

The triangles ABC, AGB^ AH6, ADK, AKL, are equal to 
one another (38. 1 ). The triangle ACH contains ABC as often 
as the base HC contains m, and the triangle ADL contains 
ADK, or its equal ABC, as often as the base DL contains m* 
Therefore the triangle ACH : ABC : : base HC : m (Proper. 
I9)y and the triangle ADL : ABC : : base DL : m. These 

* Euclid's demonittntioii of this proposition is difficult to students^ and 
tberefofe has been cbapged for another which is simpler and more intel- 
ligible. 
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two proportions become by alternation (Propor. 36\ the tri- 
angle ACH : base HC : : ABC : m, and the triangle ADL : 
base DL : : ABC : m. Hence ACH. : HC : : ADL : DL 
(Propor. 34), or the triangle ACH : ADL : : base HC : DL. 
Again, because a paraL is double of a triangle of the same 
base and altitude (41. 1), 3ACH : 2ADL : : UC : DL (Propor. 
30). Therefore, triangles &c. Q«£.D. En. 

PROPOSITION IL THEOREM, 

If a straight line be drawn parallel to one of the 
sides of a triangle it will cut the other sides propor- 
tionally. 

Let Dfi be drawn parallel to EC, one of 
the sides of the triangle ABC; BD is to 
DA as CE to EA. 

Join BE, CD; then the triangle BDE 
is equal to the triangle CDE (37. 1). But 
ADE is another triangle; therefore the 
triangle BDE : triangle ADE : : triangle 
CDE : triangle ADE, But the triangle 
BDE : triangle ADE : : BD : DA (1. 6), 
and the triangle CDE : triangle ADE : : 
CE : BA. Therefore BD : DA : : CE : 
E A ( Propor. 34). Therefore, if a straight 
line&cQ.E. D. 

Cor. BD + DA : D A : : CE + EA : EA, or AB : AD : ; AC 
: AB (Propor. 37). Also, AB: BD : : AC : CE. 




PROPOSITION A. THEOREM. 



LXOXITDAS* 



If betM'een two straight lines any number of paral* 
lei straight lines be drawn, those two lines will be 
cut proportionally. 

Let AB, CD be two straight lines, and let any number of 
parallels AC, EF, OH, BD, &c. be drawn between them; A£ 
:CF::BG:FH::Ofi:HD. 
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Produce the lines AB, GO to meet 
in (). In the triangle OEF, where 
AC is parallel to the base fiF, ll£ : AB 
: : OF : CF (Cor. 2. 6), .-. OE : OF : : 
AK : CF (Proper. 36)1 In the trian* 

fie OGB we have OE : EG : : OF : 
H, .-. OB : OF : : EG : FH, Con- 
sequently AB : CF : : EG : FH 
(Propor. 34). In the same manner 
ISO : FH : : GB : HD; and so on, as 
far as we please. Therefore the two 
lines AByCDare cutproportionally by 
the parallels EF, GH, &c. Q. R D. 

PROPOSITION III. THEOREM. 

If an angle of a triangle be bisected by a straight 
line which cuts the base or opposite side, the seg- 
ments of the base will have the same ratio which the 
adjacent sides of the triangle have, to each other; and 
if the segments of the base have the same ratio which 
the adjacent sides of the triangle have to each other, 
tfie straight line drawn from the vertex to the point . 
of section bisects the vertical angle. 

Let the angle BAC, of any triangle ABC^be bisected by the 
straight Une AD; BD is to DC as B A to AC. 

Through the point C draw CB parallel to DA, and let BA 
prodnced meet C£ in E. Because the line AC meets the p»> 
rallels AD, EC, ^e angle ACE is equal to the alternate angle 
CAD {29. I). But CAD, by hypothesis, is equal to the angle 
BAD; wherefore BAD is equal to the angle ACE. 

.^ain, because the line > 

BAE meets the parallels .xwB 

AD, EC, the exterior angle 
BAD is eousl to the interior 
angle AEC. But the angle 
ACE has been proved equal 
to BAD ; therefore also ACE 
is equal to the angle AEC; 
consequently the side AE is 
equal to AC. Because AD 
is drawn parallel to EC, one 
of the sides of the triangle 
BCE, BD istoDC asBA to AE C^. 6) or AC. 
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Next, let BD be to DC as BA to AC, and joiti AD; the an- 
gle B AC is bisected by the straight line AD. 

The same constraction heintt made, as BD to DC so is B A to 
AC; and as BD to DC so is BA to AE (2. 6), because M} is 
parallel to EC; therefore AB is to AC as AB to AE (Propor. 
84); consequently AC is equal to AE (Propor. 3i^), therefore 
the angle AeC is equal to the angle ACE. But the ande A EC 
is equsu to the exterior and opposite angle BAD, and the angle 
ACE is equal to the alternate angle CAD (29. 1); wherefore 
also the angle BAD is equal to the angle CAD; therefore, the 
angle BAC is divided into two equal angles by the straight 
line AD. Therefore, if the angle &c. Q. E. D. 

Cob. If any angle of a triangle be bisected by a straight lin6 
which meets the opposite side, the sum of the two sides con« 
taining that angle is to either of them, as the base is to the seg* 
ment adjacent to that side. For, since BA : AC : : BD : DC, 
BA + AC : BA : : BD + DC or BC : BD (Propor. 37). Ed. 

PROPOSITION B. THEOREM. 

If ohe side of a triangle be produced, and the exte- 
rior angle be bisected by a straight line which cuts the 
base produced, the segments between the bisecting 
line and the extremities of the base have the same 
ratio which the adjacent sides of the triangle have to 
each other; and if the segments of the base produced 
have the same ratio which the adjacent sides of the 
triangle have^ the straight line drawn froip tlie vertex 
to the point of section bisects the exterior angle of 
the triangle* 

Let the exterior angle 
€AE, of any triangle 
ABC, be bisected by the 
straight line AD, which 
meets the base produced 
in D; BDistoDCasBA 
to AC. 

Through C draw CP 
parallel to AD. The proof ^ 
isliterallvthesameasthat B 
of the last proposition, 
and need not be repeated. 
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PROPOSITION IV, THEOREM. 

The sides about the equal angles of equiangular 
triangles are proportional; and the sides which are 
opposite to the equal angles are homologous sides, 
that is, they are the antecedents or the consequents of 
the ratios. 

Let ABC, DCB be equiangular triangles, having the angle 
ABC equal to the angle DC£,and the angle ACB to the angle 
DEC, and consequently the angle BAG equal to the angle 
CDE (2 Cor. 32. 1). The sides about the equal angles of flie 
triangles ABC, DCE are proportional; and those are the ho- 
mologous sides which are opposite to the equal angles* " Thus, 
the angle at A being equal to the angle at D, the sides about 
the former are proportional to the sides about the latter, name- 
ly, AB : AC : : DC : DE; also the two antecedents AB, DC 
are opposite to the equal angles at C, E; and the two conse- 
quents AC, DE are oppoate to the equal angles at B, C' 

Let the triangle DCE be placed so that its side CE may be 
contiguous to BC, and in the same straight line with it Be- 
cause the angles ABC, ACB are together less than two right 
angles, the angles ABC, DEC are also less than two right an* 
gles; wherefore BA, ED produced will meet, Let them be 
produced, and meet in the point F. Because the angle ABC 
IS equal to DCE, BF is parallel to CD 
(^28. 1); and because the angle ACB 
is equal to DEC, AC is parallel to 
FE. Therefore FACD is a parallel- 
ogram; consequently AF is equal to 
CD (34. I), and AC to FD. 

Because AC is parallel to FB, one 
of the sides of the triangle FBE, BA : 
AF : : BC : CE (2. 6), or, because 
AF is equal to CD, BA : CD : : BC 
: CE; therefore, alternately, BA : BC 
: : DC : CE (Propor. 36). Again, 

because CD is parallel to BF, BC : CE : : FP : DE, or, because 
FD is equal to AC, BC : CE : : AC : DE; 
therefore BC : CA : : CE : ED. 
But BA : BC : : DC : CE; 
therefore BA : AC : : CD : DE (Propor. 42, 43). Therefore, 
the sides &c. Q. E. D. 

CoR. It follows from this prop, that equiangular triangles are 
of necessity similar figures, according to J)ef. 1 5 therefore 
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similar triangles are often used to denote equiatiffidar trian* 

gleS, liUDLAM. 

PROPOSITION C- THEOREM. Ludlam- 

If a straight line be drawn from the vertex of any 
triangle to Ae base, it will cut every line which is pa- 
rallel to the base in the same ratio as the segments of 
the base. 

Let ABC be a triangle, BC the base, EP a line parallel to the 
base, ADM a line drawn from the vertex A, cutting EF in D, 
and the base in M; the segments of £F have the same ratio to 
each other as the segments of the base BC; DE : DF : : MB ; 
MC. 

In the triangles AED, ABM the angles 
AED, ABM are equal (29. 1), and the 
an^Ie EAD is common, therefore the re- 
maining angles ADE, AMB are equal (2 
Cor. 32. 1); therefore the triangles AED, 
ABM are equiangular. In the same man<- 
ner the triangles ADF, AMC are equian- 
gular. Hence 

AD t AM : : DB : MB (4. 6), 

and AD : AM : : DF : MC, 

therefore DE : MB : : DF : MC (Proper. 34); 

therefore DE : DF : : MB : MC (Propor. 36), 

CoK. 1. If a straight line drawn from the vertex of a triangle 
to the base bisect the base, it will bisect every line parallel to 
the base, and terminating in the two sides of the triangle* 

CoR. 2. Parallel lines BC, EF are cut proportionally by di- 
verging lines AB, AM and AC, AM- For MB : MC : : DB : 
DF. 

Cob. 3. Diverging lines are proportional to the correspond- 
ing segments into which they divide parallel lines; AB : AB 
: : BM: ED (4.6) : : MC : DF. 

PROPOSITION D. THEOREM. En. • 

If a straight line be drawn parallel to the base of a 
triangle^ and another straight line be drawn from the 
vertex to meet the two parallels, the segments of that 
line intercepted between the vertex and the parallels 
will be to each other as the two parallels. — See last Jig. 
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Let a straight line EF be drawn parallel to the base B€ of ft 
tiiangle \ LiC, and from the vertex A let AM be drawn to meet 
the parallels BC, EF; AM : AD : : BC : EF. 

For the triangles AEF, ABC are equiangular, and also thQ 
triangles AKD, ABM; 

therefore AE : EF : : AB : BC (4. 6), 

and AD: AE::AM: AB; 
therefore AD : EF ; : AM : BC (Proper. 42, 43), 
.% AD : AM : : EF : BC (Propor. 36). 

PROPOSITION V. THEOREM. 

If the sides of two triiangles, about each of their an- 
gles, be proportional, the triangles will be equiangular, 
and will have their equal angles opposite to the homo- 
logous sides* 

Let the triangles ABC, DEF have their sides proportional, 
so that AB : 6C : : D£ ( EF, 

and BC : CA : : EF : FD, 

andBA: AC : : ED : DF; 
{he triangle ABC is equiangular to the triangle DEF, and their 
<^ual angles are opposite to the homologous sides, namely, the 
angle AbC being equal to the angle DtrF,and ttie angle BCA 
to KVD, and Uso the angle BAC to EDF. 

At the points E, F, in the 
line EF, make the angle FEG 
equal to the s^gle ABC, and 
the angle EFG ^qi^al tofiCA ; 
wherefore the angle BAC is 
equal to EOF (2 Cor. 32. 1); 
therefore the triangle ABC \s 
equiangular to the triangle 
GRF; consequently they 
have their sides opposite to * 
the equal angles proportional (4. 6). Wherefore 

AB:BC::GE:EF. But, by supposition, 

AB : BC : : DE ; EF; therefor^ 

DE : EF : : GE : EF (Propor. 34). 
Therefore DE and GE are equal (Propor. 32). For the sa,me 
jfeasdn DF is equal to FG, 

In the triangles DEF, GEF, DE is equal to EG, and EF 
common, and DF equal to GF; therefore the angle DEF is 
equal to GEF; wherefore the angle DFE is equal to GFE, and 
the angle EDF to EGF. Now the angle DEF is equal to GEF 
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and GEF to the angle ABC; therefore the anjjlc ABC isegual 
to PFF. For the same reason the angle 4i'B is ecjual to DFB, 
and the angle A to the Ungle D. Therefore the triangle ABC 
is equiangular to the triangle DEF. < And they have their 
equal angles opposite to the homologous sides, namely, the 
eoual angles ACR and l>F^ opposite to the homologous sides 
AB and i3£, and the equal angles A and D opposite to the ho- , 
mologous sides BC and EF, and the equal angles ABC and 
DEF opposite to the homologous tides AC and DF.' Where* 
fore, if the sides &c. Q. E. D. 

PROPOSITION VL THEOREM. 

If two triangles have one angle of one triangle equal 
to one angle of the other, and the sides about the equal 
angles proportional, the triangles will be equiangular, 
and will have those angles equal which are opposite to 
the homologous sides. 

Let the triangles ABC, DEF have the angle BAC in one 
triangle equal to the angle EDF in the other, and the sides 
about those angles proportional, that is, BA to AC as ED to 
BF; the triangles ABC, DEF are equiangular, and have those 
angles equal which are opposite to the homologous sides, 
namely, the angle ABC equal to the angle DEF, and the angle 
ACB equal to DFE. ^ 

At the points D, F, 
in the line DF, make 
the angle FDG equal 
to either of the angles 
BAC, EDF, and the an- 
gleDFG equal to ACB; 
wherefore the remain- 
ing angle B is equal to 
G (2 Cor. 32. 1); con- 
sequently the triangle 
ABC is equiangular to 
the triangle DGP; 

therefore BA ; AC : : GD : DF (4. 6). But, by hypothesis, 
BA : AC : ; ED : DF; therefore 
ED : DF : : GD : DF (Propor>34); wherefore ED 
is equal to DG (Propor. 32). 

The triangles EDF, 6DF have the two sides ED, DF eoual 
to the two sides GD, DF, and also the angle EDF equal to 
6DF5 wherefore the base EF is equal to FG, and the angle 
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DFO is equal to DFB, and the angle G to the angle E. . But 
the angle DFG is equal to ACB; therefore the angle ACB is 
equal to DFE; also the angle BAC is equal to EuF; where- 
fore the remaining angle B is equal to £• Therefore the tri- 
angle ABC is equiangular to the triangle DBF. ^ And they 
have the angles ABC, DBF equals which are opposite to the 
homologous sides AC^ DF, and the anj;les ACBy DFE equal, 
which are op]>osite to the homologous sides AB, DB/ 'W^v^oi^. 
fore, if two triangles &c. Q. £. D.'* 



Where- 



PROPOSITION E. THEOREM. 



Leoendre. 



If the homologous sides of two triangles be parallel 
to each other, or perpendicular each to each ; the tri- 
angles are similar. 

1. Let ABC, DBF be two triangles which have the sides 
AB, BG, AC, parallel to the sides DE, EF, OF, each to each; 
the triangles ABC 
and DBF are similar. 

Because AB is pa- 
rallel to DE, and BC 
toBF,theandeABC 
is equal to ffRF (D. 
1); and because AC 
is parallel to DF, the 
angle ACB is equal to 
DFE; consequently 
the angle BAC is e- ^ 

aual to EDF. Hence rf 
le triangles ABC, 
DBF are equiangu- 
lar. 




* See a more nmple demonstration in. Huttpn's Mathematics, Geome- 
tiy, Thcor. 865 or West's Mathematics, Prop. V. B. V. _ E o. 
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2. Let ABC, DEF be two triangles which have the rides BE, 
DF, EF, perpendicular to the sides AB, AC, BC, each to each; 
the triangles A BCand 
DEF are similar. 

In the quadrilateral 
figure AIDH the two . 
angles at I and H are 
ripit, and the four 
angles are together 
equal to four right 
angles (6 Cor. 32.1); 
therefore the two re- 
maining angles lAH, 
IDH are together e- 
qual to two right an- 
gles. But the two an- 
gles EDF, IDH are 

together equal to two right angles (13. 1); therefore the angle 
EDF is equal to lAH or BAC. 

If the side EF be perp. to BC it may be proved in the same 
manner that the an^e DFE is equal to C^and the angle DEF 
to B. Hence die tnangles ABC, DEF, whose sides are perp. 
each to each, are equiangular and similar. 

Therefore, if the homologous sides &c. Q. E. D. 

Scholium. In the case of parallel sides the homologous sides 
are the parallel sides; and m the case of perpendicular sides 
the homologous sides are the perpendicular sides. Thus, in 
case 2, DE is homologous to AB,DF to AC, and EF to BC. 

PROPOSITION VIIL THEOREM. 

In a right angled triangle, if a perpendicular be 
drawn from the right angle to the hypothenuse, the 
two triangles on each side of it are similar to the whole 
triangle and to each other. 

Let ABC be a right angled triangle, having the right^ngle 
BAC, and from the point A let AD be drawn perp. to the hy- 
pothenuse BC; the triangles ABD, ADC are similar to the 
whole triangle ABC, and to each other. 

Because the angle BAC is equal to ADB, each of them be- 
ing a right anrie, and the angle B is common to the two tri* 
angles ABC, ABD, the remaining angle ACB is equal to BAD 
(a Cor. 82. 1); therefore the triangle ABC is equiangular to 
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the triaDtgle ABD; therefore 

the sides about the equal an- 
gles are proportional (4. 6); 
wherefore the triangles are si- 
milar (1 Def. 6). In like man- 
ner it may be proved that the 
triangle ADC is equiangular ' 
and similar to the triangle " 
ABC. 

Because the angles at D are rigrht angles, and the angles ACD, 
DAB have been proved to be equS, the remaining angles 
ABD, D AC are equal; therefore the triangles ABD, ACD are 
mutually ejquiangular; consequently their .homologous sides 
are proportional (4. 6) ; wherefore the triangles are similar. 
Therefore, in a right angled &c. Q. E. D. 

Cor. 1. 1 he perpendicular drawn from the right angle of a 
. right angled triangle to the hypothenuse or base, is a mean 
proportional between the segments of the base; and each of 
the sides is a mean proportional between the base and its seg- 
ment adjacent to that side. 

For, m the equiangular triangles 

BDA, ADC, BD ; 
and in the triangles ABC, DBA, BC ; 
and in the triangles ABC, ACD, BC 

CoR. 3. Hence AB» ^ BC 
and AC- «= BC 



DA: 5 DA: DC; 
BA : : BA : BD; 
CA : : C A : CD. 

BD(Propor.26), 
DC; therefore. 



by adding, AB« + AC« « BC . BD -|. BC , 
(3. 2), or BC". TMs is Prep. B. 2. 



DC, OT BC . BC 



PROPOSITION IX. PROBLEM. 

To divide a given strai^t line into two parts which 
shall be in any given ratio. 

Let AB be the given straight line; it is required to divide 
AB into two parts which shall be in a given ratio. 

From the point A draw a line AC, mak- 
ing any angle with AB; in AC take any 
point Uj and let AD : DC be the riven 
ratio. Join BC, and draw DE parallel to 
BC ; then AB is divided in E in the ratio 
of AD to DC. 

Because ED is parallel to BC, one of the 
sides of the triangle ABC, CD : DA : : BE 
: EA (2. 6), or AD : DC : : AK : EB f Pro- 
por. 35). Therefore the given line AB is 
divided into two parts which are in a gi- 
ven ratio. Which was to be done. 
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^ PROPOSITION X. PROBLEM. 

To divide a given straight line similarly to a given 
divided straight lihe, that is, into parts which shall 
have the same ratios to one another which the parts 
of the divided given line have to one another. 

Let AB be the straight line given to be divided, and AC Ae 
divided line; it is required to divide AB similarly to AC. 

Let AC be divided in the points D^ E; and let AB, AC be 
placed so as to contain any anrle; join BC, and throujrii the 

g>ints D, £ draw DF^ EG parallel to BC, and through D draw 
UK parallel to AB; then each of the figures Fii^ HB is a 
paral.; wherefore DH is equal to FG 
(34. 1), and HK to 6B. 

Because HE is pandlel to KC, one 
of tiie sides of the triangle DKC, CE 
: ED : : KH : HD (2. 6). But KH 
» BO, and HD « GP ; therefore CE 
: ED : t BG : GF. Again, because 
FDis parallel to EG, one oi the sides 
of the triangle AGE, ED : DA : : GF 
: FA- Therefore the given line AB 
is divided simikrly to AC. Which 
was to be done. 

Cob. Hence a given straight line may be divided into anj 
proposed number of eoual puis. 

Let AB and AC make any angle 
at the point A, and in AC take any 
aumb^ of equal ^rts CE, ED, 
DL, LA. Jom BU, and throurii 
the points E, D, L, draw the 
straight lines EG, DF, LK, paral- 
lel to BC. Then AB will be di* 
vided into the same number of e- 

2ual parts as AC, for the parts in 
lB are proportional to those in 
AC Ep. 

PROPOSITION XL PROBLEM. 
Toiind a third proportional to two given atm^ht 





• lines 



R 
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Let ABy AC be the two given slrn^lines^ and let them be 
placed so as to contain any angle; it is required to firtd a third 
proportional to AB, AC. 

• Produce AB, AC to the points 
D, E; make BD equal to AC; join 
BC^and throuirh D draw DE paral- 
lel to BC. * 

Because BC is parallel to DE, a 
side of the triangle ADE, AB : BD 
: : AC : CB (2. 6). But BD «> 
AC ; therefore AB : AC : : AC : 
CE. Wherefore to the two ^ven 
lines AB, AC a third proportional 
CE is found. Which was to be 
done. 

PROPOSITION XIL PROBLEM. 

To find a fourth proportioiial to tfiree given straight 
lines. 

Let A, B, C be the three given str^^ lines; it is required 
to find a fourth proportional to A, B, C. 

Take two straight liiies DB, DP, containing any an^le EDF, 
and on these make DG = A, OB «s B, and DH «= C ; join GH, 
and through the point E draw BF parallel to GH. Because 





GH is parallel to EF, one of the sides of the triangle DEP 
DG : GE : : DH : HF (2. 6). ButDG » A, GE ^ B%ndDIf 
» C ; therefore A ^ B : : C s HF. Wherefore to the three gi- 
ven lines A, B, C a fourth proportional HF is found. Which 
was to be done. 
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PROPOSITION XIII. PROBLEM. 

To find a mean proportional between two given 
straight lines. 

Let AB, BC be the two given straight lines; it is required to 
'ind a mean proportional between them. 

Place ABy BC in a strai^t 
line ACy and on AC describe 
the semicircle ADC; from 
the point B draw BD perp. to 
AC,andjoinAD, DC. Then 
BD is the mean proportional 
required. 

Because ADC is a right 
angle (31. 3), and because 
DB is perp. to AC, DB is a 
mean proportional between 
ABy BC, the segments of the 
base (1 Cor. 8. 61). There- 
fore between the two nven straight lines AB, BC 
proportional DB is found. Which was to be done* 

Cor. Hence it is manifest that if a straight line be drawn 
from any point in the circumference of a circle perp. to th^ 
diameter, it will be a mean proportional between uie segments 
of the diameter, Ep, 




a mean 



PROPOSITION C. THEOREM. 



En. 



If a straight line be harmonically divided, the sum 
of the whole line and one extreme will be to the sum 
of the other extreme and the middle segment, as the 
first extreme is to the middle segment. 

Let the straight line AB be harmonically divided in two 
points C and D; AB + BC : AC :: BC : CD. 

A DC B 



Because AB : BC : : AD : DC (Def. C. 6), 

AB : AD : : BC : DC (Propor. 36), therefore 
AB+BC : AC : : BC : DC (Propor. 41), 
Therefore, if a straight liae &c. Q. E. D. 
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PROPOSITION XIV. THEOREM, 

Equal parallelograms, which have one angle of one 
parallelogram equal to one angle of thfe other, have 
their sides about the equal angles reciprocally propor- 
tional ; and parallelograms which have one ungle of 
one parallelogram equal to one angle of the other, and 
their sides alx}ut the equal angles reciprocally propor- 
tional, are equal to one another. 

1. Let AB, BC be two equal parallelograms, which have the 
angles at B equal; the sides about the equal angles are reci- 
procally proportional, that is, DB is to BE as Gn to BF* 

Let the sides DB, BE ^ 
be placed in the same 
Une, then the angles DBG, 
OBK are equal to two 
right angles (13. 1), there- 
fore the an^^es DBG, DBF 
are equal to two right an- 

fles, because the angles 
IBF, GBE are equal; ^ 

therefore FBG is a straight i ah no 

line. Complete the paral. FE. Because the parals, AB, ISU 
are equal, and FE is another parallelogram, 
AB : FE : : BC : FE. 
ButAB:FB:;DB:BE (1.6), 
andBC : FE : :GB:BF; 
therefore DB : BE : : GB : BF (Proper. 34.) 
Wherefore the sides of the parallelograms AB, BL about their 
equal angles are reciprocally proporfional. 

2. Let the sides about the equal angles be reciprocally pro- 

E)rtional, DB toBE as GB to BF; the pftrallelograma AB, 
C are equal, _ 

Because DB ; BE : : GB : BF, 
and DB : BE : : AB : FE, 
and GB : BF : J BC : FE, 

AB r^FB : : BC : FE (Propor. 34) i 
wherefore the parrftelograms AB, BC are equal. Therefore, 
equal &c. Q. E. D. 

Cor. 1. If two triangles, which have one angle of one tri- 
angle equal to one angle of the other, be equal to each other, 
the sides about the equal angles are-reciprocally proportional ; 
and conversely. For a triangle is equal to half a paral. of 
the same base and altitude (41, 1), Ed. 
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Cor. 2. Equal rectaogles have their sides reeiprocaUy pro- 
portional; and conversely. Ed. 

'Cor. 3. Hence if four straiglit lines be proportional the 
rectangle contained by the extremes is equal the rectangle 
contained by the means ; and conversely. Ed. 

Cor. 4. If three straight lines be proportional the rectangle 
contained by the extremes is equal to the square of the mean ; 
and conversely. Ed. 

Cor. 5. Equal triangles, or equal parallelograms, have their 
bases and altitudes reciprocally proportional; and conversely. 

Ed. 

^ PROPOSITION D. THEOREM. Leoendkb. 

* Two triangles which have one angle of one triangle 
equal to one angle of the other are to each other as 
the rectangles contained by the sides about the equal 
angles. 

Let ABC, ADE, be two triangles which have the angles at 
A equal; the triangle ABC : triangle ADE : : AB . AC : 
AD.AE. ^ 

Join BE. The triangles ABE, ADB, whose common ver-» 
tex is E, have the same alti^ 
tude, and therefore, are to 
each other as their bases 
(1. 6), that is, * - 

ABE : AJ)£ : : AB : AD. 
In the same manner ABC : 
ABB : : AC : AE. There- 
fore ABC : ADE : : AB.AC _ 
: AD . AE (Propor.-42. 43). B 
Therefore, two triangles &c. 
Q.E. D. 

Cor. 1. Two Equiangular triangles are to each other as the 
rectangles contained by the sides aoout two equal angles. 

Cor. 2. Hence, two equiangular parallelograms are to each 
other as the rectangles contained by the sides about the equal 
angles. '- 

PROPOSITION XIX. THEOREM. 

Sinular trian^es are to one another in the duplicate 
ratio of their homologous sides. , 



Digitized by VjOOQ iC 




26 



£L£H£NTS OF 



Let ABC, DBF be two similar triangles, having the angles 
at A and D equal; and let AC : AB : : DP : DB so that the 
side AB be homologous to DE (Propon 22) : the triangle ABC 
: triangle DBF : ; AB« : DEK 




From the angles C and F draw the perpendiculars CG and 
FH; then 

by similar triangles ABC,DEF, AB : DE : : AC : DF (4.6), 
and by similar triangles ACG, DFH, CG : FH : : AC : DF; 
therefore AB . CG : DE . FH : : AC« :.DF» (Propor.42). But 
the rectangle AB . CG h double of the triangle ABC (41. 1), 
and the rectande DE . FH is double of the triangle DEF. 
Consequently ^e triangle ABC : triangle DEF ; : AC* : DF^ 
Therelore, similar triangles &c, Q. E. D. Ed» 

Otherwise. The application remaining, the triangle ABC : 
triangle DEF : : AB . BC : DE . EF (1 Cor. D. 6), and AB : 
DE : : BC ; EF (4. 6). For the ratio of BC : EF in the first 
proportion substitute the equal ratio of AB : DE, then the tri- 
angle ABC : triangle DEF : : AB . AB : D£ . DE. There- 
fore, similar tri^uagles &c. Q. E. D. Ed. 

PROPOSITION XX. THEOREM. 

Similar polygons may be dividecl into the same 
number of similar triangles, having the same ratio to 
one another which the polygons have ; and the poly- 
gons have to one another the duplicate ratio of that 
which their homologous sides have. 

Let ABCDE, F6HKL be similar polygons, and let AB be 
the homologous side to F6; the polygons may be divided into 
the same number of similar triangles, whereof each has to each 
the same ratio which the polygons have; and the polygon 
ABCDE has to FOHKL the duplicate ratio of that which the 
sideABhastoFO. 
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From any two equal angles E and L draw the lines EB, EC, 
and LG, tH. Because the polygon ABCDE is similar to 
FOHKL, the angle BAE is eaual to GPL, and BA : AE : : GF 
: FL (Def. 1. 6); therefore the triangle ABE is equiangular 
(6. 6), and similar to the triangle FGL; wherefore the anele 
ABB is equal to FGL. ■ 

Because the polygons are simila,r, the whole angles ABC, 
FGH are equal; therefore the remaining andes EBC, LGH 
are equal. Now because the triangles ABE, FGL are similar, 
EB : BA : : LG : GF; and because the polygons are similar, 
AB : BC 2 : FG : GH; therefore 
EB 3 BC : : LG : GH (Propor. 42, 43); 
therefore the sides about the eoual angles EBC, LGH are pro^ 
portional; therefore the triangles EBC, LGH are equiangular 
and similar. For the same reason the triangle ECD is similar 
to LHK. Therefore the similar polygons ABCDE, FGHKL 
are divided into the same number of similar triangles. 

Again, these triangles have, each to each, the same ratio 
whicn the polygons h^ve to each other, the antecedents heintr 
ABE, EBC, ECD, and the consequents FGL, LGH, LHK; 
and the polygon ABCDE has to FGHKL the duplicate ratio 
of that which the side AB has to the homologous side FG. 

Because the triangle ABE is similar to FGL, ABE has to 
FGL the duplicate ratio of that which the side BE has to GL 

il9. 6). For the same reason the triangle BEC has to GLH 
iie duplicate ratio of that which the side BE has to GL* 
Therefore the triangle ABE : triangle FGL : : triangle BEC : 
triangle GLH (Propor. 34). 

Again, because the triangle EBC is similar to LGH, EBC 
has to LGH the duplicate ratio of that which the side EC has 
to LH. For the same reason the triangle ECD has to LHK 
the duplicate ratio of that which EC has to LH. Therefore 
the triangle EBC : triangle LGH : : triangle ECD : LHK 
(Propor. 34). 
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But it has been proved that the triangle EBC : triangle LGH 
: : triangle ABK : triangle FOL. Therefore the triangle ABE 
: triangle F6L : : triangle EBC : triangle LGH : : triangle 
ECD : triangle LHK; therefore the triangle ABB : FGL : s 
polygon ABODE : FGHKL (Proper. 41), ' 

But the triangle ABE : FGL : : AB» : FG>. There£bre the 
polygon ABCDE : polygon FGHKL : : AB» : FG». Where- 
fore, similar polygons &c. Q. £. D. / 

GoR. 1. In like manner it may be proved that similar figures 
of four sides, or of any number of sides, are to one another in 
the duplicate ratio of their homolo^us sides; and it has been 
provea in triangles. Therefore, universally, similar rectilinesl 
figures are to one an(rther in the duplicate ratio of their homo* 
logous sides. 

Cor. 2. Because all squares are similar figures, the ratio of 
any two squares to each other is the same with the duplicate 
ratio of their sides; and hence, also, any tiieo similar rectilineal 
figures are to each other as the squares l>f their homologous 
sides. 

Cor. S. Two similar triangles, or two nmilar polygons, are 
to each other as any rectilineal figure described on any side of 
one is to a similar figure similarly described on the nomolo- 
gous side of the other. 

For the two given figures, and the two similar figures thus 
similarly described, wiu have to each other the same duplicate 
ratio of that which their homologous sides have to each other. 

Ex>. 

PROPOSITION XXin. THEOREM. 

Equian^lar parallelograms have to one another the 
ratio which is compounded of the ratios of their sides 
about the equal angles ; *' that is^ they are to one ano- 
ther as the rectangles contained by the sides about the 
equal angles." 

Let AC, CF be two equiahgular paraUelograms, having the 
angle BCD equal to £Cu; the ratio of the paraL AC to the 
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paral. CF is the same with the 
ratio which is com{>ounded of 
the ratios of their sides about 
the equal angles; that is, the 
paral. AC : paraL CV : : fiC . 
CD : EC . CG. 

Let BC, CO be placed in a 
straight line, then, because the 
angles GC£, BCD are equal, 
DC, C£ are also in a straight 
line (15. 1). Complete the 
paraUelogram DG. The paral. 
AC : paral. CH x : BC : CG 
(1. 6), and the paral. CH : pa* 
ral. CF : : DC : CE; therefore the paral. AC : paral. CP : : 
BC . CD : CG . CE (Propor. 42, 43). Therefore, equiangular 
&c. Q.E.D. V r I y ,4 g^ 

CoR. 1. Equiangular triangles have to one another the ratio 
which is compounded of the ratios of their sides about the 
equal angles. Ei>« 

Cob. 2. Two parallelograms, which have one angle of one 
equsd to ^ne an|^e of the other, are to ^ch other in a ratio com- 
pounded of the ratios of the sides of one to the sides of the 
Other, each to each, about their equal aisles. 

For two parals. having one angle of orie paral. equal to one 
angle of the other are mutually equiangular (E. 1). 

PROPOSITION XXXI. THEOREM. 
In a right angled triangle if similar rectilineal figures 
be similarly de^ribed on the tb.ree sides, the figure 
en the bypotbenuse will be equal to both the figures 
en the other two sides. 

Let ABC be a right angled triangle, and BAC the right aa- 
gle; the rectilineal figure D des- 
cribed on the h}rpothenuse BC is 
equal to the similar figures E, F, 
similarly described on BA, AC. 

Because similar polygons are 
as the squares of their nomolo- 
gous sides (20. 6), E : AB^ : : F , 
: AC* : : D : BC% .-. E + P 
AB* + AC» : : D ; BC« (Propor. 
41). But AB» + AC» « BC» 
fB. 2), therefore B + F — D 
(Propor. 32). Therefore, in a 
nght &e. Q. E. D. Lacroix. 
S 
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PROPOSITION XXXni. THEOREM. 

» 

In equal circles angles either at the centres, or at 
the circumferences, have the same ratio to one smo- 
ther as the arches on which they stand have to one 
another. — See Note. 

Let ABC,HIK be two equal cireles, and let BO£, INL be 
angles at their centres; the arch BE : IL : : angle BOE : INL. 

Let the arches BE, IL be commensurable, and let the small 
arch m be their common measure. Divide the arch BE into 
parts BC, CD, DE, each equal to m; and divide the arch 
IL into parts IK, KL, each equal to m. From the centres 6 
and N draw straight lines to the several points of divimn. 




The angles B0€, COD, &c. of both the circles are equal to 
one anotiier, because the arches, BC;, CD, &c. on which thejr 
stand are aU equal (27. 3). The angle BGE contains BGi ^s 
often a^ the arcn BE contains m, and the angle INL contains 
INK, or its equal P(C, as often as die arch IL contains m» 
Consequently the angle BGE ; BGC : : arch BE : m (Propor. 
19), and the angle INL : INK : : arch IL : m. These twoan- 
alopes become, by alternation (Propor. 36), the angle BGE : 
vch BK : : angle BGC : w, and the angle INL : arch IL : : 
angle BGC : m. Hence the angle BGE : arch BC : : angle 
INI^ : ardi IL (Propor. 34), .*. angle BGE : angle INL : : 
arch BE : archlL. 

Next, bec^ause an angle at the circumference of a circle is 
equal to half the angle at the centre on the same arch (20. 3), 
half BOK : half INL : : BE : IL (Propor. 30). Therefore, in 
equal circles &c. Q. £• D, Bo^ 
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CojEL 1. Hence in the same circle the angles at the centre, or 
at the circumference, are as tl^ arches on which they standi 
eonseciuently arches may be assumed as the measures of the 
xnagnitttdes of angles. En. 

CoR. 2. An angle at the centre of a circle is to four right 
angles as the arch on which it stands is to the whole circum- 
ference of the circle. 

For any angle BQC is to a right angle as the arch BC on 
which it stands is to a quadrant. But a right angle is one 
fourth of all the angles about the centre of a circle (3 Cor. 13^ 
1), and a quadrant is one fourth of the whole circumference. 
Therefore the angle BGC is to four right angles as the arch 
BC is to four quadrants^ or the whole circumference of the 
circle (Propor. 30). JKn. 

Cor. 3. In unequal circles the arches which subtend equal 
angles at the centres are to one another as the circumferences of 
the circles «re to one another. 

Let A and B denote two unequal circles, then any an^le at 
the centre of A is to four right angles as the arch on which it 
stands is to the circumference of A (Cor 2); also an equal an- 
gle at the centre of B is to four right ansles as the arch on 
which it stands is to the cireumferenee oi B. Therefore the 
arch of A is to the circumference of A as the similar arch of B 
is to the circumference of B (Propor, 34). Ep. 

Cor. 4. Henee. if the circumferences of any two unequal 
circles be diridea into the same number of equal parts, what- 
ever number of those parts is contained in any arch of one cir« 
cle. subtending a given ansle, the same number of parts will be 
contained in a similar arch of the other circle, suptending an 
angle equal to the former. Eo. . 

Sc/ioRum. It is in consequence of the ratio which subsists 
between an^es at the centre of the same circle, or of equal 
circles, and the arches which subtend them, that an arch of a 
circle is called the measure of its corresponding angle. The 
circumference of the circle is the only curve whose arches in- 
crease or decrease in the ratio of the corresponding angles at 
the centre. 

If the circumference of any circle be supposed to be divided 
into any number of equal parts, as 360, the number of parts 
contained in any arch BC, which is intercepted by two radii 
BO, CO, will be the proper measure of the angle BGC. 

Mathematicians suppose the circumference of eveij circle to 
be divided into 360 equal parts, called degrees j ana each de- 
gree into 60 equal parts, called minutes^ and each minute into 
60 equal parts^ called seconds^ &c. 
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Hence aright angle, being measured by a quadrant contaii«» 
90 decrees, tne three angles of a triangle, ot two right angles, 
contain 180 degree^, and half a rieht angle contains 45 de* 
|n*ees. An acute angle is measured by an arch which is less 
Qian 90 degrees, and an obtuse angle by an arch which is 
greater than 90 degrees. 

PROPOSITION E. THEOREM, Swsqw. 

^ If an i^ngle of a triangle be bisected by a straight 
Une which cuts the opposite side, the square of that 
line together with the rectangle contained by the seg-^ 
ments of the base arc equal to the lectangle contained 
by the other t\yo sides. 

Let ABC be a triangle, and lettlie angle BAG be bisected by 
the straight line ^ I); the square of AD together with the rec- 
tangle BD.DC are equal to th« 
rectangle BA . AC. 

Suppose the circle ACB to be 
described about ttie triangle; pro- 
duce AD to the oircumference in E, 
jmd join AC* Then, because the 
angle BAD is equal tp CAE, and 
the angle ABD to AEC (21. 3), the 
triangles ABD, AEC are equian- 
gular to each other (2 Cor. 32. 1); 
therefore BA : AD ; : EA : AC ^_ 

(4. 6), consequently BA . AC « ^ 

AD . AE « El) . DA + DA« (3. ?).* But ED . DA « BD, 
DC (35. 3)^, tfierefore BA . AC « BD . DC + DA«. Where- 
.lore, if an angle &o. Q. E, D« 

Con. 1. If a circle be described about a triangle, and a chord 
he drawn to bisect any angle of the triangle, the rectangle con^ 
tained by the sides abot|t lliat anglet is equal to the rectangle 
eontained by th6 chord and its segment intercepted between 
the vertex and the base of the triangle; or to the rectanglie conn 
tained by the segments of the choi^ together with the square 
pf the segment between the vertex and the base of the triangle. 

For BA . AC » AD . A£ »? AD • DE + AD% by the 
demonstration. Eiu 

CoR. 2. If the triangle ABC be isosceles, then AB« » BD* 
•f AD«, because the triangles ABD, ACD wiU be equal in all 
respects (4. 1 ), or AB« « AD • AE, or AD . DB -f AD^ Ed. 

* AD . AJS « AD, (AD + DB) « AD* + AD , DE. 
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PROPOSITION F. theorem: Smsoir. 

If a circle be described about a triangle, and a 
straight line be drawn from any angle perpendicular 
to the opposite side, the rectangle contained by the 
other two sides of the triangle is equal to the rectan- 
gle contained by the perpendicular and the diameter 
of the circle. 

Let ABC be a triangle, and AD the perp. drawn from the 
angle A to the opposite side BC; the rectangle BA . AC is 
e(iual. to the rectangle contained by AD and the diameter of tl^ 
circle described about the triangle. 

Suppose the circle ACB to be 
described about the triangle; draw 
its diameter AE, and join EC. 
Because the right angle BDA is 
equal to EC A in a semicircle (31. 
3), und the angle ABD to AEC in 
the same a^ment (21 3), the tri* 
angles ABD, AEC are equiangu* 
lar; therefore BA : AD : : £A : AC 
(4. 6), .% BA . AC » EA . AD 
(Propor. 26). Therefore, if a cir- 
cle &c. Q. RD. 




PROPOSITION G. PROBLEM. 



SiMSON. 



The rectangle contained by the dia^nals of a quad-, 
rila^ eral figure inscribed in a circle is equal to both 
the rectangles contained by its opposite sides. 

Let ABCD be any quadrilateral inscribed in a circle, and 
let the diagonals AC, BD he drawn; ihe rectande 4.C . BD is 
equal to the two refetangles AB . CD and AD , Bl), or AC . BD 
t^AB.CD + AD.BC. 
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Make the anglo ABE equal to DBC; add to each of these the 
angle EBl), then the angle ABD 
is equal to £BC. But the aiurle 
BDA is equal to BCB (21.3); 
therefore the triangle ABD is 
equiangular to the triangle BC£; 
wherefore BC : C£ : : BD : DA 
(4.6), A BC .DA»BD.CE 
(Propor. 26). 

Again, because the anele ABE 
is equal to DBC, and the angle 
BAK to BDC, the triande ABE 
is equiangular to BCD; Uierefore 
BaT AE : : AD : DC, .\ BA . DC « 

BD . CE; wherefore 9C . DA + BA . DC » BD . CE + 
BD . AE » BD • AC (1. 2). Therefore^ the rectangle &c. 
Q. £• D* 




BD.AE. ButBC.DAt 



PROPOSITION H. THEOREM. 



Eo. 



If two chords of a circle intersect each other, the 
segments of one chord are reciprocally proportional ta 
the segments of the other. 



PROPOSITION I. THEOREM. 



Eo. 



If from any point without a circle two secants be 
drawn, they are reciprocally proportional to their ex- 
ternal segments, or their segments t^etween the point 
and the convex circumference. 

fl%e above two Propositions are demonstrated together 
as follows J. 

Through any point P, either within or without the circle 

. ABC, let two lines AB, CD be drawn to cut or meet the cir- 

eumference in the points A, B, C, D; then PA : PC : : PD : PB. 

Join the points A, D, C, B, where the two chords or se- 
cants meet or cut the circle. In the triangles APD, CPB 
the vertical angles at P are equal, and the angles BAD, Bt -D 
are eaual, because they stand on the same arch BD (27. 3)^ 
theretore, in the first case, the angles ABC, ADC are equal 
(d Cor. 32. 1 ), and in the second case^ the angles ADF, CBP 
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are equal. Hence the triansles ADP, CBP are eqaianeulal*. 
therefore PA : PD : : PC : PB (4 6), .-. PA: PC : : PD : PB 
(Proi^r. 36). Thereforeyif &c. Q.E.D. 



PROPOSITION K. THEOREM. 



Ed. 



If from any point without a circle a tangent and a 
secant be drawn, the tangent is a mean proportional 
between the secant and its external part. 

Prom anyjpoint P without 
the circle ABC let a tangent 
PB, and a secant PC be drawn; 
PC :PB : :PB:PA. 

Draw AB, AC ; then the tri- 
angles APB, CPB, having the 
angles ABP, PCB equal (32. 
3), and the angle P common, 
are equiangular {2 Cor 32. 1), 
therefore PC : PB ; : PB : PA 
(4. 6), or AP . PC - PB*. 
Therefore, if from any &c 
Q.E.D. 

Note. The last three Pro|»8itions are the jsame as Prop. $S, 
B, 36, Book III. 
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PROPOSITION L. THEOREM. 

If through one extremity of the diameter of a circle 
a chord be drawn to meet any perpendicular to the 
same diameter, either within, or produced w'ithout 
the circle, the chord and the diameter will be reci- 
procally proportional to their segments intercepted 
between the same extremity of the diameter and the 
perpendicular. 

Let ABC be a circle, of which AC is a diameter; let DE be 
perp. to AC, and let a chord AB meet D£ in F; AB : AC 
: : AD : AP. 




Join BG; then the angle ABC is rnpht (31. 3). Now the 
angle ABF is right; ana the angle BAC is eoual to DAP, 
therefore the triangles ABC, ADF are equiangular, therefoft 
BA : AC : : AD : AF. Therefore, if through one extremity 
&c. Q.E.D. ^ 

Con. If through one extremity A of a diameter AC of a cir- 
• cle two chords AB, Aft be drawn to meet any perpendicular Ff 
to the same diameter, either within the circle, or if produced, 
without it, the two^ ehords will be reciprocally proportional to 
their segments A F, A/, intercepted between flieeame eictrem- 
ity of the diameter and the perpendicular. 
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For AB : AC : : AD : AP, and Aft : AC : : AD : A/; there- 
fore AB . AF at AC . AD, and AA. A/=s AC . AD; there- 
fore AB . AF « A* . A/, .-. AB : A6 : : A/: AF. Ed. 



PROPOSITION M. THEOREM. 



Ed. 



If two tangents be drawn from the extremities of 
any diameter of a circle, and meet a tangent to any point 
in the circumference, the radius of the circle will be 
a mean proportional between the segments of the third 
tangent intercepted between its point of contact and 
the other two tangents. 

Let the line DE touch the circle ACBF in C, and from 
the extremities of the diameter AB let the tangents AD, BE 
be drawn meeting DE in 
the points D and B; draw 
OC ; tiien DC is a mean pro- 
portional between the seg- 
ments CD, CE of the tan- 
gent DE. 

Draw CD, OE. The 
right angled triangles 
ADD, COD, having AO =« 
CO, and DO common, have 
AD » CD, and the angles 
at D and equal {2 Cor. 

B. 3). In the same man* . 

ner the right angled triangles BOE, COB are equal m all 
respects. The angles AOC, BOC are together equal to two 

T 
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right anelesy therefore their halves, or the angles DOC, EOC 
are togeuier equal to one right angle, that is, l)0£ is a right 
angle. The radius OC drawn to the point of contact C of the 
tan^nt D£ is perp. to D£ (IS. 3), therefore the triangles^ 
DCO, ECO are similar (8. 6), therefore DC : OC : : OC : CE 
(1 Cor. 8. 6). Therefore, if two tangents &c. Q. E. D. 

Cor. It appears froni the demon, fliat if two tangents be 
drawn from the extremities of any diameter of a circle, and 
meet another tangent, the angle DOfe contained by two straight 
lines OD, OE drawn from the centre to the points of concourse 
of the tangents is a right angle. 



PROPOSITION N. THEOREM. 



Ep. 



If from any point in a diameter of a circle produced 
a tangent be drawn^ and from the point of contact a 
perpendicular to the diameter be drawn, the segments 
of the diameter made by the perpendicular will have 
the same ratio as the distances of the first point from 
the extremities of the diameter have to each other. 

Let A be the centre of the circle CDE, and from any point 
O in the diameter CE produced draw a tangent OD; from 
the point of contact 
D draw DB perp. to 
CE; CB :BK::OC 
:0E. 

Join DA. Becaose 
ADO is a right angle 
(18. 3), and DB is 
perp. to AO, the tri- 
angles ADB, ADO 
are similar (8. 6), 
therefore AB: AD: : 
AD:AO,orAB:AC 

: : AC : AO, therefore by mixing (Propor. 40), CB : BE: : 
OC:OE. Therefore, if from &c. Q. E. D. 

CoR. In anv circle CDE if a tangent DO meet a radius AC 
produced, ana from the point of contact D a perpendicular DB 
oe drawn to the diameter CE, the radius At will be a mean 
proportional between the radius produced and the distance of 
the perpendicular from the centre^ For by the demon. ABt 
AC : : AC : AO. 
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Dbf. !• .The perimeter of any figure is the length of the 
line, or lines, by which it is boundea. 

Def. 2. The surface of any figure is the space contained 
within its perimeter. 

Axiom. If two figures have the same straight line for their 
base, and if one figure be contained within the other, it has the 
less perimeter, if its bounding line or lines be no where con- 
vex toward the base. 

^ Cor. 1. Hence the perimeter of any polygon inscribed in a 
circle is less than the circumference of tne circle. 

Cor. 2. If from any point two tangents be drawn to a circle, 
they are together greater than the arch intercepted between 
them; and hence the perimeter of any polygon described about 
a circle is greater than the circumference <» the circle. 

PROPOSITION 0, THEOREM.* 

£<|uilaterai polygons of the same number of sides, 
inscribed in circles, are similar, and are to one ano- 
ther as the squares of the diameters of the circles. 

Let ABCDEP,OHIKLM b6 two equilateral polygons of 
the same number of sides, inscribed in the circles ABD, O HK; 
they are similar, and are to each other as the squares of the 
diameters of the circles. 



^^ 




-^1 


t^J\ 


\') 


^ 


' 


-HL 




1. Find N, the centres of the circles; join AN, BN, and 
GO, HO; produce AN and GO till they meet the circumfer- 
ences in D and K. Because the straight lines AB, BC, CO, 
DE, BP, PA are all equal, the arches AB, BC, CD, DE, EF, 

• The following propositions are transferred from Flayfair's First Sttp* 
plement to the end of fiook VI, to which they properly belong. 
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FA are also equal [2S. 3). For the same reason 4he arches 
OH, HI, IK, KL, LM, MG are all eq^ual. Therefore, what- 
ever part the arch AB is of the whole cin»imference ABO, the 
same part is the arch GH of the whole circumference GHK. 
But the angle ANB is the same part of four right angles that 
the arch AB is of the circumference ABD {2 Cor. 33. 6), and 
the angle GOH is the same part of four right angles that the 
arch &l is of the circumference GHK; therefore the angles 
ANB, GOH being each of them the same part of four right an- 
gles are eaual to each other. Therdbre the isosceles triangles 
ANB, GOH are equiangular (6. 6), and the angle ABN is equal 
to GHO. 

In the same manner, by joining NC, 01, it may be proved 
that the angles NBC, OHI are equal to each other, and to the 
angle ABN« Therefore the whole angle ABC is equal to the 
vrhole GHI* The same mvv be proved of the angles BCD, 
HIR, and also of the rest Therefore the polygons ABCDEF,^ 
GHIKLM are equiangular to each other; ana since they are 
equilateral, the sides about the equal angles are proportionals; 
therefore the polygon ABCDEF is similar to the polygon 
GHIKLM (1 DefT 6). 

2. Again, because the polygons ABCDEF, GHIKLM have 
beenproved to be similar, the polygon ABCDEF is to 
GHIKLM as tlM square of AB to the square of GH (20,6). 
But because the triangles ANB, GOH are equiangular, the 
square of AB is to the square of GH as tlie square of AN to 
the square of GO (4. 6), or as the square of AD to the square 
of GK (Proper. 30). Therefore also the polygon ABCDEF 
is to GHIKLM as tne square of AD to the squares of GK; and 
they have aUK> been shown to be similar. Therefore, equila* 
teral polygons &c* Q. E, D, . 

Cor. Every equilateral polygon inscribed in a circle is also 
equiangular. For the isosceles triangles, which have their 
common vertex in the centre, are all equal and similar; there- 
fore the angles at their bases are all equal, therefore the angles 
of the polygons are also equal. 

PROPOSITION P. THEOREM.* 

The homologous sides, and also the perimeters of 
similar polygons inscribed in circles, are to one an- 
other as the diameters of the circles. 



* The following FroposiUons are taken chiefly from Hutton's Mathe- 
matics. 
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Tjbt AGBf GIL be two similar poljrgons inscribed in the 
circles ABD, GHK; the side AB is to GH as the diameter AD 





to GK, and the perimeter AB + BC + CD &c. is to the peri- 
meter GH + HI + IK &c. as the diameter AD to GEL. 

It may be proved as in the last Prop, that the triangles 
ANB, GOH are equiangular, therefore AB : GH : : AN : GO : : 
AD:GK. 

A^n, if straieht lines be drawn from the centres N, O of 
the circles to all flie angular points of the polygons, it is evi- 
dent that they will divme the polygons into tne same number 
of equal and similar triangles, whose homologous sides will be 
to each other as the radii or diameters of the circles. Hence 
(Propor. 41), the sum of the sides, or tiie perimeter of the po- 
lygon ACE, is to the perimeter of the polygon GIL, as the 
d,iameter AD to the diameter GK. Therefore, the homolo- 
gous sides' &c. Q. E. D. 

PROPOSITION a THEOREM. 

The circumferences of circles are to one another 
as their diameters. 

Let D and d denote the diameters of two circles, and C and 
c the circumferences; then D : €? : : C : c, or D : C : : die. 

Let the number of sides of a polygon be indefinitely great, 
and conseauentljr the length of each side indefinitelv small; 
then will the perimeter of tfie polygon approach inaefinitely 
near to the circumference of the circle described about it, and 
therefore may be conceived to coincide with it But the peri- 
meters of similar polygons of any number of sides inscribed 
in circles are to one another as uie diameters of the circles. 
Therefore the circumferences of circles are to one another as 
their diameters. Q. E. D. 
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Cor. Similar arches of unequal circles are to one ano&er as 
the diameters or radii of the circles. For D idt: iD: ida 
any part of C ; same part of c (Propor, 30). 

PROPOSITION R. THEOREM. 

The surfaces of circles are to one another as the 
squares of their diameters. 

Let A and a denote the surfaces of two circles, D and d their 
diameters; then A : o : : D* : rf* 

Let the number of sides of a polygon be indefinitely great, 
and consequently the length of each side indefinitely small; 
then the perimeter of the polygon will coincide with the cir- 
cumference of the circles described about it; therefore their 
surfaces will become eaual. But similar polygons of any 
number of sides insciibea in circles are to one another as the 
squares of the diameters of the circles. Hence the surfaces 
or circles are to one another as the squares of their diameters. 
Q. E. D. 

Cott. The surfaces of circles are to one another as the squares 
of their circumferences. For the circumferences are as the 
diameters (Q). 

PROPOSITION S. THEOREM. 

The surface of a circle is equal to a rectangle con- 
tained by the radius and a straight line equal to half 
the circumference* — Seefigurcy Prop. P. 

Let ABDE be a circle^ of which the centre is N, and the di- 
ameter AD; the surface of ABDE is equal to a rectangle con- 
tained by AN and a line equal to half the circumference 
ABCD. 

Let a regular polygon be inscribed in the circle^ and suppose 
radii to be drawn from the centre to all the aneular pomts, 
dividing the polygon into as many equal trian^es as it has 
sides. Let aNb he one of the triangles, whose altitude is the 
perpendicular drawn from the centre on the base AB. The 
triangle ABN is equal to half the rectangle under the same 
base and altitude (41. 1)^ or the rectangle under its altitude 
and half its base AB; therefore the sum of all the equal trian« 
gles which compose the pdyeon ABC &c. is equal to the reo- 
tangle under the common altitude and half the sum of the 
sides of the polygon. 
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Now suppose the number of sides of the polygon to be in- 
creased indefinitely, and consequently the len^h of each side 
to be decreased indefinitely; then will its penmeter coincide 
with the circumference of the circle, and the perpendicular 
from the centre on one of its sides wiU become equal to the 
radius. Hence the surface of the polygon will be equal to that 
of the circle. Consequently the surface of a circle is equsd to 
a rectangle under the radius and a straight line equal to half 
the circumference. Q. E. D. 

Cor. 1. A circle is equal to a triangle whose altitude is equal 
to the radius and base equal to the circumference. This is evi- 
dent from the Prop, and 41. 1. 

Cor. 2. Of all plane figures having equal perimeters the 
circle is the greatest For a circle is equal to a triangle whose 
base is equal to the circumference and altitude equal to ihm 
radius (Cor. 1); and, by the demonstration, a polygon is equal 
to a triangle whose base is equal to theperimeter and altitude 
equal to tine altitude of the polygon. Hut, by the hypothesis, 
the perimeter of the polygon is equal to the circumference of 
the circle; and its altitude is always less than the radius of the 
circle, which, in this case, is partly within and partly without 
the polygon. Consequently the surface of the polygon is 
always less than the surface of the circle. 

CoR. 3. Every regular polygon is equal to a rectangle of which 
the base is equal to half the perimeter of the polygon, and al- 
titude equal to the perpendicular drawn from the centre on 
one o(the sides. 
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THE PRINCIPAL TH£OR£MS IK BOOK VI. 



Triangles, and also parallelograms, of the same 
altitude are to one another as their bases. 

If a straight line be drawn parallel to one of the 
sides of a triangle it will cut the other two sides pro- 
portionally* 

If any angle of a triangle be bisected by a straight 
line which cuts the base or opposite side, the seg- 
ments of the base will have the same ratio which the 
other two sides have to each other. 

The sides about the equal angles of equiangular 
triangles are proportional. 

If the sides of two triangles about each of their an- 
gles be proportional, the triangles will be equiangular. 

If two triangles have,one angle of one triangle equal 
to one angle of the other, and the sides aboij^ the 
equal angles proportional, the triangles will be equi- 
angular. 

Equal parallelograms, and also equal triangles, 
which have one angle of one equal to one angle of the 
other, have their sides about the equal angles reci- 
procally proportional; and parallelograms, and also^ 
triangles, which have one angle of one equal to one 
angle of the other, and their sides about the equal an- 
gles reciprocally proportional, are equal to one another. 

In a right angled triangle if a perpendicular be 
drawn from the right angle to the hypothenuse, it will 
divide the triangle into two triangles which are simi- 
lar to the whole triangle, and also to each other. 

In a right angled triangle if a perpendicular be 
drawn from the right angle to the hypothenuse, it will 
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be a maok proportional between the segments of the 
hypothenuse ; and each of the sid<rs about the right 
angle will be a mean proportional between the hjrpo- 
thcnuse and the segment adjacent to that side. 

If a perpendicular be drawn from any point in the 
circumference of a sircle to the diameter, it will be a 
mean proportional between the segments of the dia- 
meter. ^ 

Similar triangles, and all simSar figures, are to one 
another as the squares of their corresponding sides. 

Equiangular parallelograms, and also equiangular 
triangles, are to one another as the the recta^les un-< 
der me sides about the equal angles. 

If three straight lines be proportional, the first is to 
the third as any rectilineal figure described on the 
first is to a similar figure similarly described on the 
second. 

In a right angled triangle if similar rectilineal figures 
be similarly described on the three sides, the figure 
on. the hypothenuse will be equal to both the figures 
pn the other two sides. 

In equal circles angles either at the centres or at the 
circumferences have the same ratio to one another as 
the arches on which they stand have to one another. 

An angle at the centre of a circle is to four right 
angles as the arch on which it stands is to the circum- 
ference of the circle. 

In unequal circles arches which subtend equal an* 
gles at the centres are to one another as the circumfer- 
ences of the circles. 

The rectangle junder the diagonals of a quadrilateral 
figure inscribed in a circle is equal to both the rectan- 
gles under its two opposite sides. 

The homologous sides, and also the perimeters ci 
similar polygons inscribed in circles, are to one an* 
Other as the diameters of the circles. 

Equilateral polygons of the same number of sides, 

U 
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inscribed in circles, are similar, and af e to one another 
as the squares of the diameters of the circles. 

The diameter of a circle is to the circumference as 
the square of the radius is to the surface of the circle. 

The surface of any clrde is equal to the rectangle 
contained by the radius and a straight line equal to 
half the circumference; or, it is eq^al to a triangle 
whose base is equal to the circumference and attitude 
equal to the radius of the circle. 

Of all plane figures having equal perimeters the 
circle is the most capacious. 

The circumferences of circles are to one another 
as the diameters ; and the surfaces of circles are to one 
another as the 9<}uares of the diameters, or circum- 
ferences. 



iIND OF BOOK VU 
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BOOK XL 

OF THE INT£RSSCTiOV OP PLANES. 



DEFINITIONS.— &e Notes. 



1. A straight line is perpendicular to a plane, wheti ii is 
perpendicular to every straight line meeting it in that plane. 

, 2. A plane is perpendicular to a plane, when all the straight 
Knes drawn in one of the planes perpendicular to the common 
section of the two planes are perpendicular to the otlier plane. 

3. The inclination of a straight line to a plane is the acute 
angle contained by that line and another straight line drawn 
from the point in which tfie first line meets the plane to the 
point in which a perpendicular drawn from any point in the 
first line to the plane meets the plane. 

4. The'inclination of two planes is the angle contained hy 
two straight lines drawn from any point in the line of their 
common section perpendicular to that line, one line' in one 
plane^ and the other line in the other plane. 

5. 1 wo planes are said to have the same, or a like int^lination 
to each other, which two other planes have, when the angles of 
inclination above defined are equal to each other. 

6. A straight line is said to be parallel to a plane, when it 
has no inclination to the plane, or is equidistant from it . 

7. Planes are said to be parallel to one another which are 
equidistant, or do not meet, though produced ever so faff. 

' 8. A solid angle is an angle made by the meeting of more 
than two plane angles in one point, which are not in the same 
plane. 
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PROPOSITION I. THEOREM. 

One part of a straight line cannot be in a plane, and 
another part above it. 

For if one part of a line were in a plane and another part 
above it, all its parts would not lie in tiie same direction, and 
therefore it could not be a straight Ime (3 Def. I). Therefore, 
one part &c« .Q. E. D. Ep. 



PROPOSITION II. THEOREM. 

Any tlwce straight lines which meet one anodier, 
but not in the same point, are in one plane^ 

Let the three straight lines AB, CD, CB meet one another 
in the points B, C, Bl; they are in one plane. 

Let any plane jiass through the line EB, and let the plane 
revolve round EB as an axis until it 
pass through the point C; then, be- .y 
ekise ihepoints B, C are in this plane, ^ 
the line EC is in it (DeC 8. 1). For 
the same reason BC is in the same 

5>lane; and, bv the hypothesis, EB is 
n it Therefore the three lines EC, 
CB, BE are in one plane. But the 
whole lines DC, AB, BC, produced, 
are in the same plane with theparts 
of them EC,£B. BC (1. 11), There- 
fore AB, CD, CB are all in one plane. 
Wherefore, any three &c. . Q, JB. D. 

CoR. It is manifest that any two straight lines which eut each 
other are in one plane; and that any three points whatever are 
monepkne. 

PROPOSITION IIL THEOREM. 

If two planes cut each other, tiieir common section 
is A straight line. 
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Let two planes AB^ BC cut each other, and let B, D be two 
points in the Une of their common 
section. Join BD. Because the 



hsi 




points B, 1> are in the plane AB, 
the line BO is in the plane AB 

iDef. 8. 1); and because the points 
I, D are in the plane BC, the line 
BD is in the plane BC; therefore 
the line BD is common to the planes 
AB and BC, or it is the common 
section of these planes. Therefore, 
if two planes &c. Q. E. D. 



PROPOSITION IV. THEOREM. 

If a straight line be perpendicular to each of two 
straight lines in their point of intersection, it will also 
be perpendicular to the plane in which those lines are 
situate. 

Let the line AB be pei^ to each of the lines AC, AD in their 
point of intersection A; AB is also perp. to the plane passing 
through those lines. 

Through A draw the line AB 
bisecting the angle CAD; and also 
draw any line AF. Take AC =s* 
AJ); draw CD meeting the lines 
AE, AF in the points E and F; 
join BC, BD, BE, BF. 

Because. the side AC is equsil to 
▲D, and AE bisects the angle 
CAD,thesideCE «^DE,and AKC, 
-AED are right angles (Cor. 10. 1). 
Consequently AD« « AE« + BE* 
(B.2). In the right angled trian- 
gles ABC, ABD the side AC « 
_i D, and AB is common, therefore 

the nde BC « BP (2 Cor. B. 2). ^^ - ^ 

Hence tiie triangles BCE, BDE are equal in all respects (8. 1), 
therefore the angles BBC, BED are equal, and therefore are 
right andes. Consequently BD» « BE» + DE«. From these 
equals take the former equals AD« - AE» + DB», 



i 




equals take the former equals AD« — AE» + DB*, then tiie 
remainders are equal^ that is, BD» — AD» « BE» -* AES or 
AB» mm BEa — AE«; wherefore BAE is a rieht angle (1 Cor. 
B. 2), and AB is perp. to AB. Now ABF, B)BF are right an- 
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'led triangles, and therefore AP* « AE" + EF», and BF« ■» 
iE"* + £F>. Hence, by taking the former equals from tlie 
latter, BF» — AF« « BE« — AE% or BF» — r AP» » AB«; 
therefore B AF is a right angle, and AB is perp* to AF. But 
AF is any line drawn through the point A; therefore AB is 
perp. to the plane which passes through the lines AC, AD 
(Defc 1 ). Therefore, if a straight &c. Q. E. D. Nulty. 

PROPOSITION V. THEOREM. 

If three straight lines meet in one point, and a 
straight line be perpendicular to each of them in that 
point, those three lines are in one and the same plane. 

Let the line AB be perp. to each of the three lines BC, BD, 
BE, at the point B where they meet; BC, BD, BE are in one 
and the same plane. 

If not; let, ^f it be possible, BD and BE be in one plane, and 
BC above it: and fet a plane pass through AB, BC; then the 
common section of this plane with the plane in which BD and 
BE are situate will be a straight line (3. 1 1). Let this line be 
BF; therefore AB, BC, BF are in one plane, which passes 
through AB, BC. 

Because AB is perp. to each of the 
lines BD, BE, it is also perp. to the 
plane passing through them (4. 11), 
and therefore is perp. to every line 
meeting it in that plane. But BF 
meets AB in that plane; therefore 
ABF is a right angle. But, by the 
h3rpothesis, ABC is a ri^ht angle; 
therefore the angle ABF is equal to 
ABC; that is, because these angles 
are both in the same plane, a part is 
equal to the whole, which is impossi- 
ble. Therefore BC is not above the 
plane in which BD and BE are situ- 
ate; wherefore BC, BD, BE tire in one and the same plana 
Therefore, if three &c. Q.E. D. 

PROPOSITION VI. THEOREM. 

If two straight lines be perpendicular to the same 
plane they will b^ parallel to each other. 
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liet the lines AB, CD be perp. to the 
same plane BDE; Afi is parallel to CD. 

Let the lines AB, CD meet the plane 
in the points B, D; and let B, D be 
joined. Because AB, CD are perp. to 
the same plane, they are also perp. to 
the line BO in that plane (Def/ 1. 11); 
therefore they are mrallel to each other 
(Cor. 58. 1). Q. E. D. 

Cor. If two straight lines be paralleL and if one of them be 
perp. to any plane, the other also will be perp. to the same 
plane. 

PROPOSITION-VII. THEOREM. 




If two straight lines be parallel, and if one of them 
4>e perpendicular to a plane, the other also is perpen- 
dicular tQ the same pUme« 

Let AB, CD be two parallel lines, and let one of them AB 
be perp. to a plane EF; the other CD is perp. to the same 
plane. . c /. 

For, if CD be not perp. to ^ 

the plane EF to which AB is 
perp. let DG be perp. to it; 
then DG is parallel to AB (6. 
11). Therefore DG and PC 
are both parallel to AB, and are 
drawn threugh the same point 
D, which is impossible (Ax. 
10, p. 40). Therefore, if two 
&c. Q. E. D. 






B 



\ 



IfROPOSITlON VIII. THEOREM. 

, Two straight lines which are parallel to the same 
straight line, and are not both in the same plane with 
it, are parallel to each other. 

Let AB, CD be each of them paralkl to BF, and not in the 
same ^ne with it; AB is parallel to CD. 

In BP tftk^ any pojnt G, from which draw, in the, jdane 
passing through £F, AB, the line QH perp. to EF; an4 m the 
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^ane passing tfaroudi 

£F,CD,dniwGKperp. 

to EF. Because £F is 

perp. to OH and GK, it 

15 perp. to the plane HGK 

passing through them (4« 

2 Sup.)* But EF is pa- 

imllel to Afi; therefore 

AB is perp. to th3 plane 

HGK (7. 2, Sup.). For 

the same reason 60 is at right angles to the plane HGK. 

Therefore AB, CD are perp. to the plane HGK; therefore AB 

is parallel to CD (6. 2. Sup.)* Wherefore^ two straight lines 

.&c. Q.E.D. 

PROPOSITION IX. THEOREM. 

If two straight lines which meet each other be pa- 
i^el to two ot^er straight lines which meet each other 
toivard the same parts, though not in the same piaqi^ 
with the first two, the first two lines and the other two 
will contain equal angles. 

Let the two strai^t fines AB, BC, which meet each other, 
be parallel to the two straight lines D£, EF, which meet each 
other toward the same parts as AB, BC, and are not in the same 
plane with AB, BC; the ai^gle ABC is equal to the angle D£P. 

Take BA « ED, and BC » EF$ 
and draw AD, CP, BE, AC, DP. Be- 
cause BA is equal and parallel to KD, 
AD is equal and parallel to BE (33. 1); 
^nd because BC is equal and parallel to 
EF, CF is equal and jMirallel to BE. 
Therefore AD and Cr are equal and 
poralld to BE; therefore AD is equal 
and parallel to CF (8. 2 Sup.^ ; there- 
fore AC is equal and parallel to DF. 
Now because AB, BC are ^ual to DE, 
Eb", and the base AC to Dr, the angle 
ABC is equ[al to DEF (B. 1 ). There* 
fore, if two straight &c Q. £• D^ 

PHOFOSITiON X« PROBLEM* 

To draw a straight line perpendicular to a plane, 
from a giv?n point irfwve it^ 
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Admr ADpop toM: tbe&if ADhediwiMfp. to 
BHAediiiisicqincd isdmcL Bat if it be aot. fron die 
point D dnir, m Aitfiaaat BIL the smi^ line Dfc pcip. to 
BC; andfroBtliepouitAdmrAl'perpLtoDJb: andthmMdli 
F ^nw GH mnfld to BC. 



BL and DA, it is pop. to v ^ 

the phne pnsBing diroagli 

BD, DA ^4. 11). But Gh is 

ponllei to BC; wtrndore 

GH is perpu to tbe plane 

passing tliroi^ BD, DA 

(7. 11), and is theiefoie 

perp. to eveiy straight line 

meeting it in tint plane (1 

J)e£ 11). But AF, which 




o:\ 



B u 



is in the plane pasang throa^ ED, DA, meets GH; there- 
fore GH IS perp. to AF. But AF is perp. to DE. Henoe 
AFis perp. to each of the lines GH,DE; therefore AF is perp. 
to the plane BH, which passes throti^ ED, GH. Therefore 
from the given point A above the plane BH the straight line 
AF is drawn perp. tothat plane. Which was to be done. 

Cor. If it be required to erect a perpendicular to a plane 
from a point C in tne plane, take a point A above the planey 
and draw AF perp. to the plane; then from C draw a line 
parallel to Al«'^ and it will be the perpendicular required 
(7. 11). ^ 

PROPOSITION XI. THEOREM. 

If two parallel planes be cut by a third plane thck 
sections with it are parallel lines. 

For if the lines be not parallel, they must meet if produced; 
and if they meet, the planes in which they are situate must 
meet, which is impossible (14 Def. 1). Therefore, if two par^ 
allel&c Q.E.D. 

PROPOSITION XII. THEOREM. 

If two straight lines be cut by parallel planes they 
will be cut in the same ratio. 
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Let the lines AB, CD be cut by the parallel planes GB^KL' 
MSy in the points A, £, B, and C« F. D; 
AE : EB : : CF : FD. 

Draw AC, BD, AD; let AD 

meet the plane KL in the point 
X; draw EX, XF. Because 
the parallel planes KL, MN are 
cut by the plane EBDX, the 
common sections EX, BD are 
parallel (11. 11); and because 
the parallel ptoes GH,KLare 
cut by the plane AXFC, the 
common sections AC, XF are 
parallel. 

Because the line EX is pa- 
rallel to BD, a side of the tri- 
anjgle ABD, AE : £B : : AX 
: XD (2. 6); and because XF 
is parallel to AC, a side of the 
triingle ADC, AX : XD : 
CF : FD. Therefore AB 



EB : : CF : FD (Propor. 34). 
Wherefore if two &c- Q. E. D. 




PROPOSITION XIIL THEOREM. 

If a straight line be perpendicular to a plane, every 
plane which passes through the line is also perpendi- 
cular to that plane. 

Let the line AB be perp. to a plane CK; every plane which 
passes through AB is perp. to die plane CK. 
. Let any plane DE pass throu^ AB, and let CE be the 
common i^ectibn of the planes DE, CK; take any point F 
in CJE, from which draw FG in the plane DE perp. to CB. 
Because AB is perp. to the 
plane CK, it is also perp, to 
every line meeting it in that 
plane {1 Def. 11); consequent- 
hr it is perp. to CE; where- 
fore ABF IS a ri^ht angle. 
But GFB is a right angle; 
therefore AB is parallel to 
FO (Cor. 28. 1). But AB 
is perjp. to the plane CK; 
therefoffe FG is also perp. 
to CK (7. 11). 
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Now anrr straight line FO in the plane DB, which is 
^rp. to dE the common section of the planes CR, DB, 
as been proved to be perp. to the other plane GK; there- 
fore^ the plane DE is perp. to the plane CR (2 Def. 11^. 
In like manner it may be proved that all the planes whicn 
pass through AB are perp. to the plane CR. Therefore^ 
if a straight &c Q. E. D. 

PROPOSITION XIV. THEOREM. 

If two planes which cut each other be perpendic- 
ular to a third plane, their common section will be 
perpendicular to the third plane* 

Let the two planes AB, BC be perp. to a third plane 
ADC, and let BD be the common section of AB, BC; BD 
is perp* to the plane ADC. 

From D in the plane ADC draw DE 
perp. to AD, and DF to DC. Because 
I)E is perp. to AD, the common sec- 
tion of the planes AB and ADC, and 
because the plane AB is perp. to ADC, 
DE is perp. to the plane AB (2 Def. 1 1 }, 
and therefore also .to the line BD in 
that plane (1 Def. 11). For the same 
reason DP is perp. to DB. Since BD 
is perp. to both the lines DB and DF, it 
is perp. to the plane in whidi DE and 
DF are situate, that is, to the plane 
ADC (4. 11). Wherefore, if two planes A 
&c. Q. E.D. 




D 
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Any two straight lines which cut each other are in 
one plane ; and any thre,e straight lines which meet 
one another in difTerent points are in one plane* 

If two planes cut each other, their common section 
is a straight line. 

If a straight line be perpendicular to each of two 
straight lines in their point of intersection, it will also 
be perpendicular to the plane in which those lines are 
situate* 

If three straight lines meet in one point, and a 
straight line be perpendicular to each of them in that 
point, those three lines are in one and the same plane. 

If two straight lines be perpendicular to the same 
plane they will be parallel to each other. 

If two straight lines be parallel, and if one of them 
be perpendicular to a plane, the other also is perpen- 
dicular to the same plane. 

Two straight lines which are parallel to the same 
straight line, and arc not both in the same plane with 
it^ are parallel to each other. 

If two straight lines which meet each other be pa- 
rallel totwooAer straight lines which meiet each other 
toward the same parts, though not in the same plane 
with the first two, the first two lines and the other two 
will contain equal angles. 

If two parallel planes be cut by a third plane, their 
common sections with it are parallel. 

If two straight lines be cut by parallel planes they 
will be cut in the same ratio. 

If a straight line be perpendicular to a plane, every 
plane which passes through the line is also perpendi* 
cular to that plane. 



KND OF BOOK XL 
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ELEMENTS OF GEOMETRY. 

BOOK XII. 

OF THE PROPfiHTIES OF SOLIDS. 



DEFINITIONS. 



1. A solid is that magnitude which h^s length, breadth and 
thickness. 

2. Similar solid fibres are such as are contained by the same 
number of similar planes similarly situate, and having like in- 
clinations to one another. 

3. A pyramid is a solid figure contained by more than two 
triangular planes that are constituted between one plane base 
and a point above it in which the planes meet 

. 4. A prism is a solid fij^re contained by plane figures, of 
which two that are opposite are equal, similar, and parallel to 
each other; and the rest are parallelograms. 

Note. — ^Prisms and pyramids take particular names accord- 
ing to the figure of their bases. Thus, if the base be a triangle, 
it IS called a triangular prism or pyramid ; if a square, it is (^1- 
ed a square prism or pyramid. Ed. 

5. A parallelopiped is a prism, or solid figure, contained by 
six auaarilateral figures, whereof every opposite two are pa- 
rallel. 

6. A cube is a solid figure contained by six equal squares. 

7. A sphere is a solid figure described hy the revolution of a 
semicircle about a diameter, which remains unmoved: or, a 
8phcfk*e is a solid figure bounded by one curve surfiatce, which is 
every where equally distant from a certain point within it 
called the centre* 



Digitized by VjOOQ iC 



158 ELEMENTS OF 



8. The stxis of a sphere is the fixed straight line about which 
the semicirde revolves. 

9. The centre of a sphere is the same with that of a semicir- 
cle by which it is described. 

10. The diaitieter of a inhere is any straight line which 
passes through the centre, and is terminated both ways by the 
superficies of the sphere. 

11. A cone is a solid fif^re described by the revolution of a 
straight line round the circumference of a circle, one end of 
whidi line is fixed at a point above the plane of the circle. 

12. The axis of a cone is the straight line joining the vertex, 
or fixed point, and the centre of the circle about which the 
cone is described. 

13* The base of a cone is the circle about which the des- 
cribing line revolves. 

14. A cylinder is a solid figure described by the revolution 
of a rectangle about one of its sides, which remains fixed. 

15. The axis of a cylinder is the fixed straight line about 
which the rectangle revolves. 

16. The bases of a cylinder are Hie circles described by the 
two revolving opposite sides of the rectangle. 

17. Similar cones and cylinders are those which have their 
axis and the diameters of uieir bases proportionals. 



PROPOSITION L THEOREM. 

If two solids be contained by the same number of 
equal and similar planes, similarly situated, and if the 
inclination of any two contiguous planes in one solid 
be the same with the inclination of the two equal and 
similarly situated planes in the other, the solids are 
equal and similar. 

Let AO, K9 be two solids contained by the same number of 
equal and similar planes, similarly situated, so that the plane 
AC is sirnihr and equal to KM, the plane AF to KP, BG to 
LQ^ OD to QN, D£ to NO, and FH to PR; and let the incli- 
nation of the plane AF to AC be the same with the indication 
of the plane KP to KM, and so of the rest; the solid KQ is 
equal and similar to the solid AG. 
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Let tbe solid KQ be applied to AG, so that the bases KM 
and AC, which are equal and similar, may coincide {8 Ax. 1^, 
the point N coinciding with the point JDi, K with A, L with B^ 
and ML with C. Because the plane KM coincides with AC^ 




N 



M 



and, by hypothesis, the inclination of KR to KM is the same 
with the inclination of AH to AC, the plane KR will be on 
the plane AH, and will coincide with it, because they are si- 
milar and equal, and because their equal sides KN and AD co^ 
incide. And in the same manner it may be $hown that the 
other planes of the solid KQ coincide with the other planes of 
the solid AG, each with each. Wherefore the solids KQ and 
AG wholly coincide, and are equal and similar to each other 
Therefore, if two soUds&c QTE-D. c«oiner. 

PROPOSITION 11. THEOREM. 

If a solid be contained by six planes, of which two 
and two are parallel, the opposite planes are similar 
and equal paralklograms. 

Let the solid CDGH be contained by the parallel planes AC 
and GF, BG and CB, FB and AE; its opposite planes are si- 
- milar and eaual parallelograms. 

Because tne two parallel planes BG, CE are cut by the idaae 
AC, their common sections AB, CD ^^ 

are parallel (11. 11); and because the ^ H 

two parallel planes BF, AE are cut 
bj the plane AC, their common sec- , 
tions AD, BC are parallel. Hence 
AC is a parallelogram. In like man- 
ner it may be proved that each of 
the figures CE, FG, GB, BF, AB is 
a mralleloeram. 

Draw AH, DF. Because AB is pa- D b 

rallel to DC, and BH to CF,the angle 



f^ 




^ 


c 


b 




^ 




1^^ 
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ABH is equal to DCF (9. 1 1). Because AB, BH are equal to 
DC, CVj and the angle ABU is equal to DCF, the base AH is 
equal to DF, and the triangle ABH to DCF. For the same 
reason the triangle AGH is e<)ual to DEF. Therefore the par> 
allelogram BG is equal and similar to CE. In the same man* 
ner it may be proved that the parallelogram AC is equal and 
similar to GF, and the parallelogram AE to BF. Therefore, 
ifa4M)lid&c. Q.E.IX 

PROPOSITION nL THEOKJ^M. 

If a solid parallelopiped be cut by a diagonal plane, 
that is, by a plane passing through the diagonals d 
two of the opposite planes, it will be divided into two 
equal prisms. 

Let AB be a solid parallelopiped, and DE, CF the diagonals 
of the opposite parallelograms AH, GB, namely, those which 
are drawn between the equal angles in each. Because CD, F£ 
are parallel to OA, though not m the same plane wiUi it, they 
are parallel to each ouier (8. 11); 
wherefore the diagonals CF, DE are 
in the same plane as the parallels, and 
are also par^lel (11. 11). The plane 
CDEF will divide the solid AB into 
two equal parts. 

The triangle CGF is equal to CBF 

434. 1), and the triangle DAB to a;;— T^H 

I^HE; and the parallelogram C A is / ^V^,,^^ / 

equal and similar to the onposite one \Z. _id/ 

BE (2. 12), and the parallelogram GB A £ 

to C H ; therefore the corresponding 

planes which contain the prisms C AE, CBE, are equal and si- 
milar, each to each. They are also equallv inclined to each 
other, because the planes AC, EB are parallel, and also AF, 
BD, and they are cut by the planfe CB. Therefore the prism 
CAE is equal to the prism CBE (1. 12], and the solid AB is 
divided into two equal prisms by the plane CDEF. There- 
fore, if a solid &c. Q. E. D. 
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If a prism be cut by a plane parallel to the base the 
section will be equal and like to the base 

Let LB be a prism, of which the base is ABCDE^ and 

a section parallel to die base is 
IGHFK; the section is equal to and 
like the base. 

Draw AD, DB, and IF, PO; Be- 
cause the planes IGHFK and A BCDE 
are pimdlel (by hyp«), and the plane 
AF cuts Ihem, the sections IF and 
AD are parallel (11. 11). For the 
same reason the sections GF and BD 
are parallel. Because DF and AI 
arq parallel to EK (4 Def. 11), DF 
is pat^Iel to AI (8. 11). In the 
same manner DF is parallel to BG. 
Consequently AF ana BF are paral- 
lelograms, therefore the side AD =» 
IF (34. 1), and the side BD «= GF. . 

because the two lines AD, BD meetmg each other in D 
are parallel to the two lines IF, GF meeting each other in 
F, the angle ADB is equal to IFG (9. H). Hence the tri* 
angles ADB, IFG are equal in all respects (4. 1.). 

in the same manner it may be proved that each triangle 
in the section IGHFK is equal to its correspondinc triangle 
in the base ABCDE. Therefore the sum of all the trian- 
gles in the section is equal to the sum of all the triangles 
Ul the base, or the section is equal to the base. Also the 
base and section are alike, because the triangles of which 
they consist are equal in all respects. Therefore, if a prism 
&c. Q.E.D. 

PROPOSITION V. THEOREM, 

If a cylinder be cut by a plane parallel to the base, 
the section will be a circle, and equal to die base 

Let AH be a cylinder, of which the base is ABC, and 
a section parallel to the base is DF£; the section is a (Hxr- 
c!e equal to the circular base ABC. 
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Let the planes MKIB, MKHC pass 
through MK, the axis of the e^in- 
der^ and meet the section DFE in 
thepoints L, Fy E. Because the plane 
MOB cuts the parallel planes ABC, 
DFE, the sections MB, LF are par- 
allel ( 11. 11); and because the plane 
MKHC cuts the same planes, the 
sections LE, MC are paralleL Now 
CH and BI are parallel to MK (14 
Def. 12), therefore C£ and BF are 
parallel to ML, therefore MF and 
ME are parsdlelograms, therefore LF 
»MB,andLE»MC. But MB » 
MC, tiierefore LF »- LE. In the 
same manner it may be proved that 
all straight lines drawn from the 
point L to the circumference of the 

section BFE are equal to one another* Therefore DFE is a 
circle, and it is eoual to the circular base ABC (1 Def. 3). 
Therefore, if a cylinder &c. Q. E. D. 

PROPOSITION VL THEOREM. 

Prisms and oylinders of equal bases and altitudes 
are all equal to one another. 

Let LB, LB be two prisms, and OB a cylinder, having equal 
bases ABC, and equal altitudes; the two prisms are equal to 
each other and to the cylind^. 
L 




H 



B 




\ 





B 




Sumose the prisms and cylinder to stand on the same plane, 
and be cut by planes paraUel to their bases, makin? the cor- 
resqponding sections IGH, DFE. The section IGu is equal 
to the base ABC of the prisms (4. 12), and the section 
BFE is equal to the base ABC of the cylinder (5. 12). 
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But these bases are equal (by Hyp.), therefore the sections 
I6H, DFE are equal. For the same reason every section 
in each of the pnsms is equal to the corresponding section 
of the cylinder. 

Now if we consider these parallel sections as plates (or 
laminae) extremely thin^and their number as indefinitely ^at, 
we may conceive the three bodies to be composed of an inde* 
finite number of such elementary plates, of which the a^re- 

risi equivalent .to the magnitude or volume of each of 
bodies* And since the extent and number of the par- 
allel sections or plates are equal in the several bodies the 
magnitudes of the bodies must be equal. Therefore, prisms 
&c. Q. E. D. See Note. 

CoR. Rectangular parallelepipeds of equal bases and alti^ 
tudes are equal to one another. For they are prisms (3 
Det 12). ^ 

PROPOSITION VII. THEOREM. 



Rectangular paralklopipeds of equal altitudes ard 
to one another as their bases. 

Let AC. EG be two rectangular parallelopipeds of equal 
altitudes AD, EH; AC : EG :: base AB : base EP. 
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Let the bases AB 
and EF be to each 
other as any numbers 
mlS)mdp{2)j that 
is, let AB:KF::m: 
h. Let AB be divid- 
ed into m equal rect- 
angles, AI, LK, MB; 
and EF into n equal 
rectangles, BO, FF, 
each equal to the for- 
mer. Construct the parallelopipeds AR, LS, &c. Because the 
solids AR, LS, &c. have equal bases and dtitudes they are 
equal to one another (6. 12); therefore the solid AC : EG: : 
no. of parts in AC : no. of parts in EG : : no., of parts in AB : 
no. of parts in EP : : base AB : base EF. Therefore, rect- 
angular &c« Q. E. D. 

CoK. prisms and cylinders are to one another as their ba- 
ses. For all prisms, cylinders, and rectangular parallelopi- 
jeds of equal bases and altitudes are equal to one another 
6. 12 and Cor,). 



I 
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PROPOSITION VIIL THEOREM. 

Rectangular parallelbpipeds of equal bases are tQ 
one another as their altitudes. 

Lot \Lf EG be two i-eetangular parallelopipeds oa equal 
bases AC, BM; AL : EQ : : alt ^1 : EH or MG. 

In EBly the greater altitQde, take EK a AI, and let a 
plane pass through KN, making \f IV :» EK. Because the base 
AC a base KM (by hyp), and the alt AI zm alt EK, the so- 
lid AL- solid EV (6.12). 
Because a parallelopiped is 
bounded by parallelograms, 
of which every opposite two 
are eqiial, similar, and paral- 
lel (Def. 12), any one of 
those parallelograms may 
be considered as its base. 
Hence the s<5lid EN : solid 
EG : : base ¥S : base PG, 
for the altitudes MQ and G R 
are equal (7. 12) 
MS ^ 





t^^iAjp^ 



^ £ F 

'Biit the parallelogram FN : FG : ; base 
MG^, because the altitudes MF, GS are equal (l. 6). 
Coniiequently the solid EN : solid EG : : alt MN : alt MG 
(Proppr. 34). But ^he solid AL » EN, and the alt MN or 
EK: r« kit AI; therefore the solid AL : solid EG : : alt AI : 
alt MG or EH. Therefore, rectangular &c. Q. E.D. 

Cor. Prisms and also cylinders on equal bases are to one 
another as their altitudes. For a rectangular parallelopiped 
is equal to a prism or cylinder of equal base and altitude (6. 12). 

PROPOSITION IX. THEOREM. 

The bases an4 altitudes of equal rectangular paral- 
klopipeds are reciprocally proportional ; and if the 
bases and altitudes qf rectangular parallelopipeds be 
reciprocally pr^portionalfthe parallelopipeds are equal 
to one another. 

1. Let AL and EG be twa equal rect parallelopipeds^ 
the base AC : EM : : altitude EP : AI. 

Let EN be a reot parallelopiped on the base EM, and 
let its altitude EK be equal to the altitude AI pif the rect. paral^ 
lelopiped AL. 
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Bec«ise the altitudes Aland 
BR are equal, the solid AL: 
EN :: base AC: EM (7. 12); 
and because the solid AL as 
£(>, the solid BO : EN : : base 
AC : EM. But EO : EN : : 
alt EP:EK or AI (8.12); 
therefore the base Au : Esll 
:: alt EP : Al (Propor. 34). 
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2. Let the base AC be to EM as the alt EP is to AI; 
the solid AL » BO. 

Because the base AC:EM::alt EP: AI or EK, and be- 
cause the base AC : EM : : solid AL : EN (7. 12); the alt 
EP : EK or AT : : solid AL : EN (Propor. 34). But the alt 
EP: EK : : solid EO : EN (8. 12); therefore 4L : EN: : 
SO : en; therefore AL -t EO (Propor. 32). .Therefore, the 
bases &c. Q.E. D. 

r 

CoR. 1. The bases and altitudes of ecjual prisms, or of e- 
quad cylinders, are reciprocally proportional; and if the ba* 
ses and altitudes be reciprocaUy proportional, the prisms or 
cylinders are equal. 

Cor. 2. The solidity or volume of a rectangular parallelepi- 
ped, or of a prism, or a cylinder, is equal to the product of 
the area of the base multiplied by the altitude. 

For it has been proved that the base AC : EM : : alt EP : 
AI, therefore AC . AI » EM . EP (Propor. 26) ; and the solid 
AL-p:BO. 

PROPOSITION X. THEOREM. 

Similar prisms are to one another as the cubes of 
their like sides. 

Iiet AL and MX be similar prisms, of which the bases are 
ABDCE and MNPOQ, and the like sides AB, MN: tlien 
AL : MX : : dube of AB : cube of MN. 

Make AO » AB, and MS » MN; and let POH, R8T be 
sections parallel to the bases ABDCE, MNPOQ. Let mr 
and yx oe the cubes of the lines AB and MN; then the bases 
mn and yiT are the squares of AB and }/lN. 

The prism AL : AH : : alt AK : AO or AB (Cor. S. 12), 
and the prism MX : Mr : : alt MW : MS or MN. 
The planes KAB, WMN are similar (2 Def. 12), therefore 
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AK : AB or AG : : UW : MN or MS (1 Def. 6). Conse- 
quenty th6 prism AL : AH : : prism MX : MT (Propor, 
34), therefore AL : MX : : AH j MT (Propor. 36). 




The base inn or AB' : ABDCE : : prism or cube mr : 
AH (7. 12 and Cor.), and the base yzor MN« : MNPOQ : : 
prism or cube yx : MT. But AB» : ABDCE : : MN» : MNPOQ 
(1 Cor. 20. 6). Consequently the prism mr : AH : : prism 
ya? : MT (Propor. 34), therefore mriyxtiAR: MT (Propor. 
36). Now it has been proved that the prism AL : Ma : : 
prism AH : MT; therefore the cube mriyxi : prism AL : 
MX (Propor. 34). But the cube mr « AB^ and the mheyx 
« MN» (by hyp.). Hence the prism AL :MX : : AB^ : 
MN^. Tnerefore, similar prisms sc. Q. E. D. 

Cor.,1. Similar rectangular parallelopipeds are to one an- 
other auB the cubes of their like sides; and similar cylinders 
are to one another as the cubes of their diameters. 

Cor. 2. Similar prisms, parallelopipeds, and cylinders are 
to one another as the cubes of their altitudes respectively. 

PROPOSITION XL THEOREM. 

If a pyramid be cut by a plane parallel to its base, 
the section will be similar to the base ; and the sec- 
tion and the base will be to each other as the squares 
of their distances from the vertex of thepyramid. 

1. Let ABCO be a p3rramid, and EFO a section parallel 
to the base ABC From the vertex D draw DI perp. to 
the section EFG (10. 11), and produce DI to meet ABC 
in H. The section EFO will be similar to the base ABC; 
and ABC : EFG : : HD» : ID*. 

Join IF and HB« Because the parallel planes ABC, EFO are 
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nsMMliiiS ai«ks n the 1h« ^^Ml 

Apia, SBDC EF and AB jrejpanlldly and m tht — "^^ 
pfane DAB^ Ike triieglrT ABD, MB are similar, tfierefiire 
DF:IMI::BF:AB (4.6). For die sane reaaon DF : DB 
::F6:BC. Hcnoe EF: AB::FG : B€ (Pkwor. 34). 

It las been proved dut Ike aecdonBFG and &e base ABC 
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BVG and ABC are similar (1 Det 6)« 

2. Beense &e fines DH and DB are cut by fbe panDd 
planes BFQ, ABC, DB : DF : : DH: Dl (12. 11). But it 
has been pmcd tbat DB : DF : : AB : BF. Conseqoentfy 
DH : DI :: AB:BF(Pnipor.34); therefcreDH^:DP : : A» : 
BF* (Prapor. 44). But die base ABC and the seetion BFO 
are similar, dieicfcre AB* : BF> :: ABC : BFO (1 Our. 90. 6) ; 
dierefae ABC:EF6::DH':DI* (IWor. 34). Now DI 
is peqi. to die plane BFO (by eonst), mer^ire DI is die 
distance betMreen the yertez D and BFO (Cor. CL !> But 
the base ABC is panJld to BFG; dim^nre it is evident 
that any two c utiesp o n ding lines IF, HB in those planes 
are panUeL Hence DHB is a ri^t aii|^ (Cor.29. 1), dme- 
fine die parpu DH is the distanoe between D and the base 
ABC. IWefore, if a pyramid &c Q. E. D. 

PROPOSITION Xn. THEOREM. 

If a cone be cut by a plane parallel to its base, the 
section will be a ciide; and the section and the base 
will be to each other as the squares of their distances 
from the vertex of the cone. 

Let ABCDbea cone, and BFG asectionparallel to the base 
ABO; from the vertex D draw DY perp. to BFG (10. 1I)» 
and produce it to meet the plane ABC in Y. The section 
£FG wiU be a circle, and ABC : £FG ; : OY« : UYn 
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1. Let the planes PHB, DHC pass through UH. the Axis of 
the cone, and meet EFG in the points O, F, G. Becatise the 
planes UHB, DHC cut the parallel planes £F0, ABC, the 
sectionOF is parallel to HB, and the section OG to HC (ll.llV 
Since OF is parallel to HB, the angle DOF is equal to DHB 

529. 1), and the angle D is common to the tnangles DOF, 
)HB, therefore the triangles are similar. In the same manner 
it may be proved that the triangles D06, DHC are similar. 
Consequently DH : DO : : HB : OF (4. 6), and DH : DO : 2 
HC : OG J therefore HB : OF : : HC : OG (Propor. 34), there- 
fore HB : HC : : OF : OG (Propor. 36). But the radius HB 
■B HC, therefore OF = OG ^Proper. 31). In the same man- 
ner it may be shown that all lines dr^wn from O to the per- 
imeter of the section EFG are equal, 
therefore EFG is a circle. 

2. Because the linesDY and DB are cut 
by the parallel planes EFGj ABC, DV : 
DY : : DO : DH (12. 11); and it has 
been proved that DO : DH : : OF : HBj 
tiierefore DV : DY : : OF : HB (Propor. 
34), therefore DV : DY» : : 0F« : HB« 
(Propor. 44). But OF« : HB» : : circle 
EFG : circle ABC (R. 6). Consequent- 
ly the base ABC : section EFG : : D Y« 
: DV«, and DY, DV are the distances of 
the vertex from the planes ABC, EFG, 
as was shown in the lastnrop. There- 
fore, if a cone &c. Q. Ei. D. 

PROPOSITION Xin. THEOREM. 

Pyramids of equal bases and altitudes are e^al to 
one another. 

Let the pyramids ABCD, KLMS, standing on the same 
plime, have equal bases ABC, KLMN, and equal altitudes DH, 
ST; the pyramid ABCD is equal to RLMS.^ 




k 
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Let the sections BPG, PQR be parallel to the bases ABC, 
KLMN respectively; and let the distances Dl, SO of the 
vertexes D, 8 from the sections bie equal. Then ABC : 
BFG : : DH« : DP (13. 12), and KLMK: FOR : : ST» : 80». 
But DH « 8T, and DI =^80; 
therefore DH« » 8Ts and DI* 
=»80» (Proper. 44): also the 
base ABC » RLMN, there- 
fore the section EFG tm PQR. 
In the same manner it may be 
proved that any other two sec- 
tions at equal distances from 
the vertexes are equal to each 
other. But the pyramids are 
supposed to consist of an in- 
finite number of equal and a 
parallel sections or plates; 
therefore they are equal. Therefore, pyramids &c. 

Cob. If pyramids of eaual altitudes, and standing on the 
same plane, be cut by a plane parallel to their bases, the sec- 
tions and bases will be proportionaL 

PROPOSITION XIV. THEOREM. 

Pyramids and cones of ^qual bases and altitudes are 
equal to one another. 

Let the pyramid ABCD and tine cone KLM8 stand on equal 
bases ABCf, KLMN, and have equal altitudes DH, 8T; the 
pjrramid is equal to the cone. 

Let the sections EFO, PQR, be parallel to the bases ABC, 
KLMN, respectively; an4 let DI, SO, the distances of the ver- 
texes from tne sections EFO, PQR, be equal. Then ABC : 
BPG : : DH» : DP (11. 12), and KLMN : PQR : : 8T« : ao» 
(12. 12). But DH » 8T, and DI « SO; therefore DH>« ST', 
and DP ^ S0« (Proper. 44). Hence ABC : EFG: : KLMN 
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: PQR, But ABC » KLMN, 

therefore BFG m PQR (Propor. 
32). In the same manner it may 
be proved that any two sections at 
eaual distances from the vertexes 
of the pyramid and cone are eauaJ 
to each other. But the two solids 
are supposed to consist of an indef- 
inite number of equal and parallel 
sections or plates; therefore they 
are equal. Therefore, pyramids &c 
Q.E.D. 

Cor. If a pyramid and a cone of 
equal altitudes, and standing on the 
same plane, be out by a plane par- 
allel to t)ieir bases, the sections and the bases will be propor- 
tional 




PROPOSITION XV. THEOREM. 

Every prism having a triangular base may be divided 
into three pyramids which have triangular bases, and 
are equal to one another.* 

Let ABC — DEP be a trian^lar prism; it may be divided 
into Hiree equal pyramids having triangular bases. 

Join AE, EC, CD. Because ABED is a parallelogram, of 
which AE is th^ diagonal, the triangle ADE is equsl to ABE 

i34. 1); therefore flie pyramid C — 
iDE is equal to the pyramid C — ABB 
(13. 12). But the pyramid C — ABE is 
equal to the pyramid C — DEF, for 
they have equal bases, ABC, DF^, and 
the altitude of the prism ABCDEF, 
Therefore the three pyramids ADEC, 
ABEC, DFEC are equal to one another. 
]put these pyramic^s compose the whole 
prism; therefore the pnsm ABCDBJ" 
IS divided into three equal pyramids^ 
Wherefk^re, every prism &c Q. E. D, 

Cor. 1. From this it is manifest that 
tvery pyramid is the third part of a 

Srism of the same base and altitude; for 
' the base of the prism be any other 
ii^re but a trian^e, it may be divided into prisms having 
triangular bases. 

♦ Learners wiU scarcely understand the demon, of this prop, wit^ou^ 
^odeis of the three pyramids. 
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Cor. 2. Pyramids of equal altitudes are to one another as 
their bases; oecause the prisms on the same bases as the pyra- 
mids, and of the same altitude, a^ to one another as their ba^ 
ses (tor. 7. 12). 

Cor. 3. Similar pyramids are to one another as the cubes of 
their homologous sides (10. 10). 

PROPOSITION XVI. THEOREM. 

Every cone is a third part of a cylinder of the same 
basie and altitude. 

Let AFBC be a cone, and AFBDE a cylinder of the same 
base and altitude; the cpne is a third part of the cylinder. 

Let GHIK be a pyramid, and OHILiM a prism on the same 
base GHI and of the same altitude, and let tiiie base and alti- 
tude of the prism be equal to 
those of the cylinder. Then 
tlie cylinder is equal to the 
prism (6. 12), and the cone is 
equal to the pyramid (14. 12). 
But the pyramid 6UIR is a 
third part of the prism GHILM 
(Cor. 15. 12), therefore the 
cone AFBC is a third part of the 
cylinder AFBDE. Therefore, 
every cone &c. Q. E. D. 

PROPOSITION XVn. THEOREM. 
Cortes of equal bases are to one another as their al- 
titudes. 

Let ABC, DEF be cones of equal bases, and of unequal al- 
titudes CG, FH; the cone ABC : DEF : : alt CG : FH. 

Let ABRI, DEML h^ cylinders of equal bases, then 
ABKI : DEML : : alt. CG : ~ 



FH(Cor.8.12). But the cone 
ABC is a third of ABKI (16. 
12), and the cone DEF is a 
third of DEML; therefore 
ABC:DEF :: alt. CG : FH 
(Propor. 30). Therefore, 
cones &c. Q. E. D. 



Cor. Pyramids of equal bases are to one another as their 
altitudes. For cones and pyramids of equal bases and altitudes 
are equal to one another (14. 1^). 
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PROPOSITION XVIII. THEOREM. 

Pyramids of equal altitudes are to one another as 
their bases. 

Let ABCE. FOHK be two pyramids having equal altitude^; 
but unequal bases ABCD^FOHI; 
the pyramid ABCE : FGHK : : ^ -^ ^ 

base ABCD : FGHI. 

For prisms of equal altitudes are 
to one another as their bases (Cor> 7. 
12). therefore the prism ABCOP 
:FGHLMN :: base ABCD :FOHI. 
But a jmamid is one third of a 
prism of the same base and alti- 
tude (Cor. 15. 12); therefore the 
pyramid ABCE : FGHK : : base 
ABCD : FGHI. Wherefore, py- 
ramids &c Q. E. D. 

Cor. Cones of equal altitudes are to one another as their bases. 
For a cone is equal to a pyramid of the same base and alti- 
tude (16. 12). 




Lemma. In a right an- 
gled triangle if circles, or 
similar segments of circles, 
be described on the three 
sidesy the figure described^ 
on the hypothenuse is e- 
qual to boA the figures de- 
scribed on the other two sides. 

For the fig. on RS : fig. on RT 




::RS«:RT«(R. 6), 
: ST« : RT«; 



and the fig on ST :fig. on RT l _ , 

therefore the fig. on RS : RS« ; ; fig. on RT : RT» (Propor. 36), 

and the fig. on ST : ST« : : fig. on RT :RT*; 
therefore the fig. on RS : RS> : : fig. on ST : ST« (Proper. 34), 
therefore the ffg on RS + fig. on ST : : RS* + ST« : : fig. on 
RT : RT» (Propor. 41). But RS* + ST« » RT* (B. 2), there- 
fore the fig. OH RS + fig. on ST ^ fig. on RT (Propor. 32), 
Therefore, in a right &c. Q. E. D. 



Digitized by VjOOQ iC 



GEOMETRY* BOOK XII. 



173 




PROPOSITION XIX. THEOREM. 

Every sphere is two thirds of the circumscribing 
cylinder; that is, of a cylinder having the same altitude 
and diameter as the sphere^ 

Let ADBCA beahemisphercjand AIDEBCA a cylinder de- 
scribed about it; the hemisphere is equal to two thirds of the 
circumscribing cylinder. 

Let ADB be a semicircle, of which the feentre is C; let 
CD be perp. to AB; let DEBC and DIAC be squares describ- 
ed on DC; draw the diagonal CE, and through any point G in 
DC draw GO parallel to DB. Let the figure thus construct- 
ed revolve about DC; then i 
the square DEBC will des- 
cribe a cvUnder; the sector 
BCD, wnich is a quadrant, 
will describe a hemisphere, 
of which C is the centre (7 
Def.) ; and the triangle CI>E 
will describe a cone havine _ 
its vertex at C ( 1 1 Def.), and ^ 
having for its base the circle described by DE, equal to the cir- 
cle described by CB, which circle is tlie base of the hemisphere. 

Let L be the point in which GO meets the semicircle ADB, 
and suppose CLto be joined; then, in the rotation of the plane 
DEBC on DC the three lines GO, GL, GR, will describe cir- 
cular sections of the cylinder, hemisphere, and cone respec- 
tively.. Since CGL is a right angle, the two circles described 
with the distances CG, GL, are together equal to the circle de- 
scribed with the distance CL or GO (Lemma.). 

Now the triangles CDE and CGR are equiangular, therefore 
CD : CG : : DE : GR. But CD « DB, therefore CG = GR 
(Propor. 32), Therefore the circles described with the distan- 
ces GR and GL are together equal to the circle described with 
tiie distance GO; that is, the circles described by the revolution 
of GR and GL about the point G are together equal to the cir- 
cle described by the revolution of GO aoout G; or the circular 
sections of the cone and sphere are together equal to- the cor- 
responding section of the cylinder. And because this is the 
case in every pardlel position of 60, it follows that the cylin- 
der AE is equal to, the cone CET and the hemisphere ADBA. 
But the cone C EI is a third part of the cylinder AE having 
the same base and altitude (17. 12); consequently the hemis- 
phere ADBA is equal to the remaining two thirds of the cyl- 
inder AE. Therefore the whole sphere is equal to two thirds 
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of twice the cylinder AE, that is, to two thirds of the circum- 
scribing cylinder. Therefore, every sphere &c. Q. E. D.* Ed. 

Cos. 1. A cone, a hemisphere, and a C3r}inder, of the same 
base and altitude, are to one another as the numbers 1, 3, 3. 
For it has been proved that a pwie is one third (6. 12), and a 
hemisphere two thirds of a cylinder of the same base and 
altitude. 

Cor. 2. Spheres are to one another as the cubes of their di* 
ameters. 

For cylinders of the same altitude are to one another as the 
cubbs of their diaitieters (1 Cor. 10. 12); and a sphere is two 
thirds of a cylinder of which the diameter and altitude are botli 
equal to the diameter of the sphere. Therefore spheres &c. 

* Similar demonstrations of this proposition may be seen in West's El- 
ements of Mathematics, Saunderson's Algebra, and Keith's Euclid. 
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Prisms and cylinders of equal bases and altitudes 
are all equal to one another. 

Prisms and cylinders of equal altitudes are to one 
another as their bases; and prisms and cylinders of 
equal bases are to one another as their altitudes. 

The bases and altitudes of equal prisms, or of equal 
cylinders, are reciprocally proportional. 

Similar prisms are to one another as the cubes of 
their like sides; and similar cylinders are to one an- 
other as the cubes of their diameters. 

Similar prisms, and similar cylinders, are to one an- 
other as the cubes of their altitudes respectively. 

If a cone, or a pyramid, be cut by a plane parallel 
to its base, the section will be similar to the base ; and 
the section and the base will be to each other as the 
squares of their distances from the vertex. 

Pyramids and cones of equal bases and altitudes are 
all equal to one another. 

A pyramid is the third part of a prisiri, and a cone 
|s the third part of a cylinder, of the same base and al- 
titude. 

Cones, and also pyramids, of equal altitudes are to 
one another as their bases. 

Cones, and also pyramids, of equal bases are to one 
another as their altitudes. 

Every sphere is two thirds of its circumscribing 
cylinder. 

Spheres ar{? to one another as the cubes of their di- 
ameters. 
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The first Book of Euclid's Elements contains the principles 
of all the following Books: it demonstrates some of the most 
general properties of straight lines, angles, triangles, parall^ 
lines, parallelograms, and other rectilmeal figures: it shows 
the method of constructing certain figures, and of performing 
different operations. 

Some propositions ate of little or no use, and may be omit- 
ted. Some of these are auxiliary propositions, and were intro- 
duced into the Elements merely for the purpose of facilitating 
the demonstrations of others. Thus, the 16 th proposition is 
implied in the 32nd, and is useless after the 32nd proposition 
is demonstrated. 

The propositions in the first book are not arranged accord- 
ing to tne nature of the subjects, but in such order as is adapted 
to lacilitate their demonstrations. By a different arrangement 
some useless propositions might have been excluded, and per- 
haps better demonstrations of others might have been given. 



DEFINITIONS. 

Def. 3. Line signifies a stroke, and, in reference to the opera- 
tion of writing, expresses the boundary or contour of a figure. 
A strai^t line has two radical properties, which are distinc^y 
marked in different languages. Firstly, it holds the same un- 
deviatingcourse, and secondly, it traces, the shortest distance 
between its extreme points. The first property is expressed 
by the word recta in Latin, and droite in French; and the se- 
cond property seems to be intimated by the English^ term 
straight f which is evidently derived from the verb to stretch. 
Accordingly Procliis defines a straight line as stretched be- 
tween its extremities, and consequently must be the shortest 
distance between them. Leslie. 

Cor. Def. 7. The equality of all right angles is ah obvious in- 
ference from the formation and definition of a right angle. 
M. Le^ndre makes this corollary a proposition, and demon- 
strates it1by a difficult process, which 13 scarcely intelligible to 
learners, 
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AXIOMS. 

*^ On the principle 6( congruency Euclid lays <ioWn a few 
simple truths, from which he demonstrates the more complex 
trutns which depend on this principle. Those obvious truths 
are as follows. 

^ 1. All points coincide. 

** 2. Straight lines which are equal to one another coincide; 
And, conversely, straight lines whose extremities coincide are 
equal. 

** 3: In two eijual 'angles if the vertexes coincide, and one 
side of one angle coincide with one side of the other, then the 
remaining side of the first angle will coincide with the remain- 
ing side of the second. Likewise all angles whose sides coin- 
ciae are equal. 

**Thougn Euclid has not separately enounced those particular 
axioms subordinate to the general axiom, jret he applied them, 
as we shall find by analyzing several of his demonstrations.'* 

, Fenn's EucLip. 

** That which is here numbered the eighth axiom is not pro- 
perly an axiom, but a definition. It is the definition of geomet* 
i*ical equality; the fundamental principle on which the com- 
parison of ail geometrical magnitudes will be found ultimately 
to d^end. 

^ The geometrical notions o( equality and cdinciderice are 
the same; and even in comparing together spaces of different 
figures all our conclusions ultimately rest on the imaginary 
application of one triangle to another; the object of which ini- 
aginary application is merely to identify the two triangles 
together in every circumstance connected both with magni* 
tude and figure.*' Stewart's Philosophy. 

PROPOSITIONS- 

Of two propositions one is contrary, or Contradictory to the 
other, when We deny in one what is affirmed in the other. 
Thus, two lines cannot be equal and unequal at the same time. 
■ Of two propositions one is the converse of the other, when 
Ilie order of either of them is inverted. Thus, if two sides of 
a plane triangle be equal, it can be proved that the angles op- 
posite to those sides are equal. Now if we invert the order 
of this proposition, we shall obtain another propoi^ition which 
i» the <jonyerse of it Thus, if -IWo angles of a plane triangle 
be ^qual, it can be proved that the sides opposite to those an- 
gles are equal. This proposition is said to oe the converse -of 
the foriher. In the first poposition two sides of a trtanojle are 
sU|^xJ»Bd to be equal, and the equality of the two opposit^i an* 
gles is thence inferred; in the second proposition two' angles of 

Z 
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a triangle are supposed to bo equal, ftnd the equality of the op* 
posite sides is thence inferred* The two propositions pboed 
m succession may be expressed thus. If two sides of a plane 
triangle be equal, the angles opposite to those sides are equal; 
and, conversely, if two angles of a plane triangle be equal, the 
sides opposite to those angles are equal. Convolve proposi- 
tions are generally true, but not always so. When tney are 
obviously and necessarily true they reauire no demonstra"* 
tion. Thus, the converse proposition aoove is sufficiently 
clear, and needs no proof. The demonstrations are generally in^ 
direct, artificial, and scarcely intelligible to students. In ^ome 
cases it is necessary to apply indirect demonstrations; Thus,. 
it sometimes happens that two magnitudes may be. proved to 
be equal to each other, by showing that if we suppose them 
niiequal, this supposition would involve an absurmty. 

PROPOSITION I, II, III. 

Tly 9. given finite KneHnclii meaiiis a line given botib in 
position and in magnitude. A line may be given in position, 
but not in magnitude; or it may be given in magnitude (and 
therefore is finite), but not in position. * 

In all the propositions in plane geometry Euclid supposes 
all lines and all parts of figures to be in die same plane. 

Euclid's construction and demonstration of the first proposi«> 
tion are tediously minute, and may be expressed as clearhr 
and more concisely as follows. From the centres A and B, 
with the radius AB, describe two circles cutting each other in 
aome point C. From C draw CA, C3; then ABC is the tri- 
angle required. For AC is equal to AB, becausethey are ra* 
dii of the same circle (20 Def ), and BC is equal to AB. I'here- 
fore AC is equal to BC (1 Ax.). Therefm^ the three sides A B^ 
AC, BC are equal to one another; therefore ABC is an equi- 
lateral triangle. 

Modern geometricians generally as^unie the second and 
third propositions as postul&tes,^ or evident principles, which 
require no proof. Euclid's demonstration of the second jH'opo- 
aition is artificial,,, and somewhat obscure to students. Th# 
demonstration of the third prop, depends on the second, and 
therefore is equall v exceptionable. Euclid's solutiona of those 
pa>oblems are so like pedantic trifling that I have retained theiH. 
with reluctance, and nave given others in the Notes> wlneh 
are practical and modem. 

Tne following demonstrations involve the idea of motion, of 
the- translation of a magnitude irom one placeio anoth^. Eu« 
did employs motion in some of his demonstrations; and mod* 
em geometricians admit it in all parts of mathraiatica^ 
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^ Aii3r tssmiipttoiis or eonstruelions majr be employed in de* 
moiistratians which are manifestly possible^ or have been al- 
ready shown to be passible. 

The following observations are taken from Cresswell's Gtt* 
ometiT, Preface, page 19. 

^^ We readily perceive when we consider the nature of con* 
tinned quantity that in any given finite line th^re is a point 
which divides it into two equal parts; and it follows from thtt 
-definition of a circle that every given circle has a centre : so 
that in reasoning about linea and circles we always assume 
those points whithout any impropriety. In developing the 
theory of geometry we may also show the. possible existence, 
of a point, a line^ or a surface, which shall have some particu* 
lar position; or, in the ease of a line, or a surface, some assigned 
magnitude. This, indeed, is the most proper mode of proceed* 
ing while, we are pursuing the course of a science of pure rea* 
aoning.*' 

PROPOSITION II. PROBLEM. 

Fr^m a given point to draw a straight line equal to 
a given straight line. 

Let A be the given point,^ 
and Cthe given straight line, 
it is required to draw from 
A a straight line equal to C.^ 

From the centre A, with 
the radius C, describe a cir* 
de, and from A to any point 
D in the circumference draw 
a line AD; then AD is equal 
to C (2a Def.). 

PROt^OSITION IH. PROBLEM 

From the greater of two given straight lines to cut 
, off a part equal to the \ts%.^-^fSee last figure^/ 

Let AB and C be the given straidit lines, of which AB is 
tiie greater. It is required to cat on from AB a part equal to C, 

From thci centre A, with the radius C, describe a circle cut* 
ting AB in £ (3, post)) then AE is a part eutoff equal to 

(»0 0ef.). 
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PROPOSITION XXII. PROBLEM. 

To construct a plane triangle of which the three 
©ides are given* 

Let the stright lines A,B, C represent the three sides of the 
trian,^e. It is required to construct a triangle of which tho 
ihroe sides shall be equal to A, B, C, each to eaah. 

From any point D draw 
an indefinite straight line 
DO^ and to it apply the 
longest side A, extending 
from 1) to E, From the 
centre I), with a radius e- 
qual to B, describe a circle, 
and from the centre E, 
with a radius equal to C, 
describe another circle. 
Then, because the sides 

B and C together are greater than A (20. 1), the circles will 
cut each other in sonie point F. Di^aw the straight lines DV 
and KF. Then DEF is the triangle required. 

For DE is equal to A by construction, and because all the 
radii of thb same circle aire equal (20 Def.) DF is equal to B, 
an4 EF is equj^l to C. Therefore the three sides of the trian- 
gle DEF are equal to the three given straight lines A, B, C, each 
to each* 

Cor. If the sides B and C be equal the triangle will be isos- 
celes; and if all the sides be equal to one another the triangle 
will be equilateral, and the problem becomes the sanie as Eu- 
did's first proposition. 

: NOTES ON BOOK IL 

This book treats of the se^ents of lines and of the rectan* 
gles and squares contained by the parts of a straight line divid* 
ed in a certain manner, and proves that they are equal to qth^ 
er rectangles or squares contained by the parts of the same 
line divided in a different manner : it also treats of the equal* 
ity of rectangles and squares contained by the sides, and parts 
01 the sides, pf triangles. 

If lines and numbers be divided into parts in the same man- 
oer, the properties of the parts of both are the same, and may 
be easily and concisely demonstrated by the first principles 
of algebra. 

Some of the propositions in this book are of no practicl use, 
and are not referred to in the demonstrations of subsequent ppo« 
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positions. The geometrical demonstrations of them are tedi- 
ous or difficult. Hence, according to the example of recent 
writers, it was deemed expedient to omit them in this work. 

In the. second book some common algebraical signs have 
been introduced for the sake of representing more concisely 
and clearly the addition and subti^ction of the rectangles on 
which the demonstrations depend. The concise language of 
algebra brings the steps of the reasoning nearer to one another, 
and the force of the whole is more clearly and directly per- 
fieived by the reader. Some of Euclid's demonstrations have 
been changed for others which are shorter and plainer. 

As some writers and teachers, particularly of the old school 
of mathematics, object to the use of symbols in geometry, and 
still adhere to the verbose and tedious style of Dr. Simson's 
translation of Euclid's Elements, I annex a short extract from 
the preface to Elements of Geometry by D. Cresswell, M. A. 
Fellow of Trinity College, Cambridge. Mr. Cresswell recoioi- 
mends the use ofsymbow in geometry from his own experience. 

" Throughout the followmg work certain symbols are used 
for the sake of conciseness, many of which are borrowed from 
the language of universal arithmetic. They are merely abbre- 
viated representations of the words, and the phrases, for wl^ich 
they are severally put Whithout affecting the ^ture of tht 
>demonstrations they render the force of them tAot^ easily ai^ 
more quickly perceived. This plan is followed by most of the 
foreign mathematicians who have written on the subject of ge- 
ometry." 

Playfair expresses the same sentiment. 
In the demonstrations of certain propositions Euclid assumes 
two principles which appear to be sufficiently evident. 

1. Squares described on equal straight lines are equal ' to 
one another. See Cm*, 2. F.l, 

2. The sides of equal squares are equal to one another. 
These two propositions may be easily demonstrated as fol- 
lows. 

1. Let AF, CH be two squares^described on equal straight 
lines AB, CD. The squares AF, CH are equal. 

Draw the diagonals BE, 
DG. Because the two 
sides AB, AB are equal to 
the two sides CG, CD, 
each to each (by hyp.), 
and the angle BAE is e^ 
qual to DCG, the triangles 
BAE,DCGare equal. But 
the triangle BAE is half 

q" the paral. AF (34. IV and the triangle DCG is half of the 
paral. TH. Consequently the parals. AF, CH are equal (6 Ax.) 
Therefore, squares &c. Q. E. D. ^ ' 
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Con Parallelograms which have two aides of one ^t^^ml to 

two sides of the other^ each, to each; and hare also theaiigles 
cQntainedJby tho^ »des equal, are equal in all respects. 

9. Let the squares AP^CH be equal to each other; the sides 
AB, CD are equal. 

If AB, CD be not equal, one of them is greater than the 
other. Let AB be the greater, and make AK, A I each equal to 
CD. Because AR, AI are each equal to CD, and CD is equal 
to CG, AI ii equal to CG; therefore the two sides AK, AI are 
equal to the two sides CD, CG eadi to each; and the angles 
A and C are equal; therefore the triangles lAK, GCD are 
equal. The triangles GCD, KAB ai^ the halves of the equal 
squares CH, AF, therefore they are equal. Hence the triangle 
lAK is equal to EAB, the less to the greater, which is impos* 
sible. Therefore the side AB is not greater than CD. In the 
same manner it may be proved that A B is not less than CD. 
Consequently AB is equal to CD. Therefore, the sides &c. 

<i.E.i). ^ ^ 

Cor. The square of a greater line is greater than the square 
ofa less line. 

The following curious proposition may be easily demohstt^a* 
ied by me^ins of the figure of Prop. B. 2. 
In a ririit angled triangle ABC if the sides DA, EB, of the 

auare AB described on the hvpothenuse AB, be produc<* 
to meet tte sides (produced if necessary) of the squares de» 
scribed on the two sides AC, BC, in K and N, the triangles' 
AFK, BIN, cut off by them will be equal and equiangular to 
the given triangle. 

From the ri^t angles BAK, C AF take the common angle 
CAR, then the angle BAC = FAK. The right angle AFK » 
ACB, and the side AF « AC. Consequently the triangles . 
AFK, ABC are equal in all respects (A. 1). 

§ Again, from the right andies CBI, ABN take the common an- 
le CBN, then the angle IBN = ABC. The right angle I =* 
kCB, and the side BI m, BC. Consequently the triangles IBN 
ABC are equal in all respects. Therefore, in a right &o. Q. £.D. 

NOTES ON BOOK. Ill 

This book<5ontains the fundamental properties of circles, re- 
specting lines, angles, aind figures inscribea in them, and lines 
cutting or touching them, &c. 

Many propositions .in this book have been omitted, because 
they are seldom or never read in places of education. Some 
useful elementary propositions, found in modern books of ge- 
ometry, have been adaed; and some demonstrations of certaia 
propositions, which are shorter or plainer than Euclid's, have 
been 6ubstitate4 for them. 
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PROPOSmON 1. 

Tkere is a defect in Eudid's demonstfation of this propdsi- 
tion which has escaped the notice of Simson and Playfair. For 
iSzny point H be taken in CD, and Euclid's demonstration be 
appheoy word for word, the angles FOB, HDB will be equal, 
and therefore no absurdity will follow, the demonstration 
has been corrected according to Fenn's Euclid. 

NOTES ON BOOK IV. 

This book treats solely of the description of re^lar poly- 
gons in and about a circle, and the description of a circle in and 
about regular polygons. The subjects of it make a part of prac- 
tical geometry, to which it properly belongs. It is i^ibt read in 
the English universities, nor, 1 beneve^ in any of ours. 

NOTES ON BOOK VL 

The principal object of Book VI is to apply the doctrine of 
ratio and proportion to lines, angles, rectilineal figures, and 
circles. This book treats of the ratios of similar rectilineal 
figures, of angles and their opporite arches, of ihe diameters 
and circumferences of circles, and their dkmeters and surfa- 
ces. The propositions in this book constitute the most impor- 
tant i^art of plane geotnetry, for they are applicable to all thc^ 
various dejArtments of inathematics in which geometry is 
ooneerned. 

PROPOSITION I. 

If there be any objection to the latter part of the demonstra- 
tion of this proposition, the following alteration may be sub^ 
stituted in hne 5, bottom of page 1 10. 

The triangle ACH : triangle ADL : : no. of equal parts in 
ACH : no. of equal parts in ADL. But the no. of parts in 
ACH ; no. of parts in ADL : : no. of j>arts in the base CH : no. 
of parts in DL : ; base CH : DL. ConsequenlJy the triangle 
ACH : ADL : : base CH : DL (Propor. 34). Therefore, tri- 
angles &c. Q.E.D. ^ r- / 

The two detnonstratiofts of this proposition do not inehide 
the case of incommensuraUe'quantities, which kind of man- 
titles may, Without impit^priety, be called incomiM^ehensible 
quantities. The reason of thia defect, ijf it be deemed 9U€h,i»y 
that I know no demonstration of that ease which is not incor- 
rect, or unintelligible, or un^isfactory. 
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PROPOSITIONS XI, XII> XIII. 

These three problems may be resolved algebraically at 
follows. 

Prop. XI. Let AB » £r, BD « 6, BC »= x; then a:b::b 
: a?, •'• ajsK ^ • 

Prop. XII. Let a, A, c, denote the three given lines, and let 

be 
X =* HF; then a : 6 : : c : jr, /. a? «= — -• 

Prop. XIII. Let AB = a , BC *= 5, and x ^ mean requir- 
ed; then a;x: : x: by .\ xx ^ ab, ,\ x^ ^ ab ta DB* 

PROPOSITION XXXIIL 

Several demonstrations of this proposition, including both 
commensurable and incommensurable quantities, have been at- 
tempted by different authors; but they are all either unsatis- 
factory, or unintelligible to learners. The proposition may be 
proved in a plain and satisfactory manner as follows. 

Suppose two lines to be placed 
on each other, so as to make only 
one line AB. Let one line be fixed, 
and the other moveable round Hie 
centre E of a circle. As soon as 
AE be^ns to move round the cen- A 
tre E, it will describe arches AO, 
OT, &c. and will make angles vvitb 
the fixed line. 

The successive angles AEO, 
OET, &c. will be greater or less 
according as the opposite arches are 
greater or less. When the point A arrives at T the an^ AET 
will be describfed, and when it arrives at B the arch ATB will 
be a semicircle, or 180 degrees; and the sum of the angles, or 
AEO + OET + TEB, is equal to two right angles (l3. 1). 
LetEA continue to revolve, and the point A will describe the 
arches BC, CD, DA; and the radius EA will make the angles 
EEC, CED, DEA, in the same time. Hence it appears that 
the arches and angles begin and end together. Conseguently 
the successive angles vary as the opposite arches; therefore the 
arches are the measures of the angles; that is, the angles are ta 
one another as the arches which are opposite to them, or the 
angleAEO:AET::archAO;AT, or the angle AEO : OET 
: :archAO:OT. 

This is 1 Cor. 33, and is manifestly the same as if the angles 
AEO, AET, &c. were at the centres of two equal circles. 
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J»ROPOStTIONS Q, S, S. 

iPheise thi^cJe jJropositions are dcJmonstrated by the nlethod of 
Indivisibles, which is ei!:plaiaed in the Note on 6. 12^ page 18d. 

N6TES ON Boot Xt. 

This book treats of the intersection of straight linfes with 
planes, and of planes with planes. 

Most o£^ the propositions in Playfair^s second Supplement 
are so plain and obvious that they are nearly seli'-evident, and 
scarcely re€(uire any proof. Indeed thej are so simple . in 
their nature that many, of the demonstrations are artificial aud 
difficulty and do not render their truth more manifest to the 
reader. As they do not often occur in mathematics, students 
mi^ht be permitted to omit the demonsti'ationsi and it would 
perhaps be sufficient to illustrate the proj)ositions by simple 
experiments made by cutting card pjlper {ot any thicik paper)y 
tlnd disposing the parts in sudh positions ais the enunciations 
indicate. 

NOTES ON fiOOK XII. 

This book treats of the properties and felatidns of solid bo- 
dies. 

Most of the propositions are taken frotn Keith's Euclid, 
which contadns a better selection of theorems than Playfair^s 
Geometry. Besides, the demonstrations ai*e free from the ob- 
scurity of Euclid's method of demonstration and uncouth 
phraseology, which seem to have impeded the study of geo- 
metry in Britain and America. The use of the geometry of 
solids seldom occurs, and therefore this Book need not be read 
till it is wanted in the theory of Mensuration of solids. 

PROPOSITION VI. 

This ]>ropo$ition and others are demonstrated hy the Method 
of Indivisibles, which was invented by Cavalleri, an Italian, 
and published in 1635 This method is not strictly geometri- 
cal, but the demonstrations derived from it are plain and satis- 
factory to students. By it the areas of plane and eurVe sur» 
faces, and the contents of solids are determined With ease and 
iiccuracy. 

It is applied by.recent writers in mathematical demonstMi- 
tions without any explanation of its principles, which are plain 
and simple, and may be explained as follows 

1. Tfad limit of any line, when it is diminished, is a line in* 
finitely short, or a point For by continually taking away 
parts of the line we can render the remainder shorter than any 
assignable line* In the same maoAer the limit of a surface ts 

Aa 
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a surface infinitely narrow, or a line; and the limit of a solid is 
a solid infinitely thin, or a surface. 

2. It follows that a line is equal to an infinite number of 
points. For the line being divided into parts, the whole line 
IS equal to the sum of all its parts. But as we diminish the 
magnitude of each part, or increase the number of parts, the 
limit of each part is a point. Hence the line will be eoual to 
the sum of those points, which are infinite in number. In the 
same manner a surface is equal to an infinite number of lines, 
and a solid to an infinite number of surfaces. Conse<^uentIy 
a pbint is naturally called the element of a line, and a line the 
element of a surface, and a surface the element of a solid. 
Each of these elements, having at least one of its dimensions 
infinitely small, and therefore is incapable of diminution) ol* 
subdivision, is called an indivisible, 

3. There are various ways in which this conception may be 
applied to the same geometrical quantity. Thus, a circle may 
be conceived to be composed either of parallel ehords, or of the 
circumferences of concentric circles. A solid may be conceiv- 
ed to consist of parallel laminas, or extremely thm plates, re- 
sembling the leaves of a book, but the thickness of a leaf is 
infinitely greater than that of the clement of the solid. 

4. The difierence between a chord and its arch can be made- 
as small as we please in comparison of either of them; so that 
either of them may be called the limit of the other. In this 
sense an infinitely small arch is equal to its chord; and any fi- 
nite arch is equal to an endless number of straight lines. In 
the same manner any infinitely small portion of a curve sur- 
face is equal to the plane which forms its base; and any finite 
portion of a curve surface is equal to an endless number of 
planes. Hence a circle will be a regular polygon of an infinite 
number of sides, and a spliere will be a polyedron of an infinite 
number of faces. 

Without conceiving bodies to be composed of an infinite 
number of extremelv thin elementary platds, parallel to one 
another, their equality may be proved by help of the follow- 
ing principle, which is so obvious that it may be admitted as 
an axiom. 

Jixiom. If any two solids standing on the same base, or on 
equal bases, and between the same parallels, be cut by numer- 
ous planes in directions parallel to their bases, and if all the 
sections at equal altitudes be equal to one another, the two so- 
lids will be equal to each other. 

From this axiom we infer A$it the proposition is true. 

FINIS. 
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AT No. 24, ARCH STREET. 



CATALOGUE. 



Fee simple. Ground-rent, and She- 
riff's Deeds, on parchment. 

Ground-rent and Fee simple Deeds, 
on fine paper. 

Mortgages, online folio post paper. 

. Do. on foolscap. 

Bond and Warrant 

Refunding Bond. 

Bond and Petition of Insolvents. 

Final Petition of Insolvents. 

Insolvent Notices. 

Discharge. 

Power of Attorney; 

Bill of Exceptions. 

General release. 

Lease. 

Bill of sale. 

Certificate and rule of reference. 

Letter of instructions to Commis- 
sioners. 

Notice to enter special bail. 

Lien Entry for work or materials. 

Articles of separation between hus- 
band and wife. 

Assignment for the benefit of credi- 
tors. 

Petition for divorce. 

Trial Notice. 

Affidavit of defence. 



Proceedings against Tenant holding 
over. — 1. Notice. 2. Complaint, 

3. Precept. 

4. Inquisition. 

5. Record. 

6. Warrant to make restitution. 

DeciaratioM : 
Commencement and Conclusion. 
Insimul computassent. 
Common money count. 
Work, labour, and materiab* 
Use and occupation. 
Money lent and paid, laid out ^c. 
Money had and received. 
Goods -sold and delivered. 
A dec. containing several counts. 
Debt on Bond. 
Debt by Assignee of Bond : Ist, 2d, 

and 3d ass'ignments. 
On Bail Bond. [ment. 

On bond, with confession of judg* 
On Slander. 
Indorsee v. Indorser. 
Indorsee v. Drawer. 
Drawee v. Drawer. 
On Policy of Insurance. 
On boarding and lodging. 
Trover— for a single article, and for 
several articles of property. 



Also Magistrates' Blanks, Custom-house Blanks, Bills 
of Exchange, Bank Checks, Bills of Lading, &c. 

QCj" The above Lavi Blanh have been carefully corrected by several of the 'most 
able Attomeye in the city of Philadelphia^ 
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